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Abstract: In this paper, we introduce the new definition of rough membership function using con-
tinuous function and we discuss several concepts and properties of rough continuous set value func-
tions as new results on rough continuous function and membership continuous function. Moreover,
we extend the definition of rough membership function to topology spaces by substituting an equiv-
alence class by continuous functions and prove some theorems on certain types of set value func-
tions and some more general and fundamental properties of the generalized rough sets. Our result
generalized the concept of the set valued function by using rough set theory.
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bership continuous function.

INTRODUCTION

The theory of rough set has been introduced
by Pawlak (Pawlak, 1982). It was introduced
as new mathematical method in an incom-
plete information. Recently, many research-
ers have used the rough theory in itself and
many areas in the real-life applications.
However, other research found the connec-
tion between rough sets and many areas such
as algebraic systems (Biwas & Nanda, 1994;
Davvaz, 2004; Pawlak & Skowron,
2007).The set valued functions have been
used in many areas such as Economics
(Aubin & Frankowska, 2009; Davvaz, 2006,
2008; Vind, 1964).

Here, we rewrite the definition of rough
membership function by using continuous
function and we discuss several concepts and
properties of continuous set value functions
as new results on rough the continuous func-
tion. We introduce a new definition of rough
membership function in topology spaces by
continuous functions and we give proofs of
relevant theorems and fundamental proper-
ties.

The lower and upper approximations are de-
fined as follows:

Definition 1-1. A set valued function
F:X - P(X) is function from non-empty X
to P(X) the set of all non -empty subsets of
X such that F(x) =@ for all xeX. If Bc X,
then we define the upper rough approxima-
tion by F(B) = {x € X|F(x)cB} and the
lower rough approximation by F(B) = {x €
X F(x) n B # @}. Therefore (F(B),F(B))
is called F-rough set of X. The boundary
isB(B) = F(B)— F(B), ifB#@®, then
B(B) is rough.

Remark 1-1. We define the domain of
F by DF = {x € X: F(x) # @}, and the graph
of F by Graph(F) ={(x,y): yeF(x)}. So,
the image of Fis a subset of X defined by
Im(F) = Uxex F(x) = Uxepy F(x).

Note that, if we define the domain of
FbyDF ={x e X:F(x) # ®}, the set-
valued map F is characterized by its graph;
Graph(F) = {(x,y):yeF(x)}, and the do-
main of F is the projection of
Graph(F) on X. The image of Fis a subset
of X defined by Im(F) = UyexF(x) =
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Uxeps F(x). It is the projection of

Graph(F) on X.

Remark 1-2 If F: X — P(X), then we call
upper semi-continuous mapping on X if the
set F(A) (resp. F(A)) is closed in X where

Ais closed in X.

Remark 1-3: If F: X - P(X), then we call
upper semi-continuous mapping on X if the
set F(A) (resp. F(A) ) is open in X where A
is open in X.

Example 1-1: let X = {1, 2, 3, 4, 5, 6} and
let F: X —>P(X) where for every xeX, F(1) =
{1}, F(2) = {1, 3}, F(3) = {34}, F(4) = {4},
F(5) ={1,6}, F(6) = {1, 5, 6}. LetA=4{1,3,
5}, then F(A) = {1, 2}, and F(4) = {1, 2, 3,
5, 6}, B(A)#J, is rough. ImE)= Uyex F(x) =
{1,3,4,5,6}. Let B={2,4,6}= thenF(B) = {4},
and F(B) ={ 3,4, 5, 6}, B(B)#Y, is rough.

Definition 1-2: Suppose that F: X — P(X)is
a set valued function. We define the upper
continuous if for all xeXand any open
VcP(X) contain F(x), then there is an open
OcXcontain x such that F(0)cV. And the
lower continuous if for any xeX and for any
open VcP(X) such that F(x)nV=¢ than there
IS open OcXcontain x such that F(0O)nV=0.
Therefore, we say F is continuous if and on-
ly F has this property at each point of X.

Definition 1.4. Let F: X — P(X)be a set-
valued function and Abe an event in the
function approximation spaceS = (X, P).
Then the lower probability of Ais
Palpability (4)= Palpability (F(4)), and the
upper probability is "2'P2"Y (A) = Palpability
(F(B)),

Note that, respectively. Clearly, 0 <papability
(A) <1 and 0 < Palpability (A) <1.

Example 1-2: we consider example 1-1, for
= {1,3,5}the upper F(4) = {1,2}, then
Palpability(F(4))) = 2/6 and the lower

F(A) = {1,2,3,5,6}, then
(F(A)) =5/6=1

Palpability

Propositionl.1. LetF: X —» P(X)be a set-
valued function and A, Bbe two events in the
stochastic approximation spaceS = (X, P).
Then the following holds:

(1)Palpabf|!ty ((Z)) = I:)alpablllty (@)
(Z)Palpablllty(X) — 1 Pa pab ||ty(X)
(3)Paipabitity(AB) <Paipavility(A) +Paipavitity
ity(B) —Paipability(4 N B);

ity(B) _Palpability(A N B);

(5) PalpaTb-iIity (AC) =1 _-Palpability(A); -
(6)Palpablllty(AB) SI:,alpablllty(A) _Palpablllty(A n
B

(;) Palpablllty(A) < Palpablllty (A)

(8)|fA c B then Palpablllty(A) <Pa|pab|l|ty(B)
and Paipability(4) < Paipability (B).

Proof. It is unpretentious

Definition 1-5 Suppose that F: X —

P(X)be a set-valued function. Let Abe an

event in the stochastic approximation

spaceS = (X, P). The rough probability ofA4,

denoted byP x(A), is given by: P

(A) =(P*P*""Y(A),Paipability (4)).

Proposition 1.2: Let F: X = P * (X)be a set-

valued function and A be an event in the sto-

chastic approximation space S = (X, P).

(1) If Fhas reflective, then PAP®IY(4) <
P(A) < Paipanility (4);

(2) If Fhas reflective and transitive proper-
ties, then P*P*"™(F(B)) = Papaviiity (4)
and Paipavility (F (A)) = Paipavitity (4);

(3) If A is an exact subset of X, then pa/Padility
(A) = Papaviliy (4) = P(A)..

Proof. It is unpretentious.
Rough of membership continuous set val-
ued function.

The rough membership function has been de-
fined by equivalence class (Davvaz, 2004). In
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addition, (Lashin et al., 2005) extended the
definition of rough membership function to
topology spaces. Pawlak and Skowron
(Pawlak & Skowron, 1993), introduced the
concept of rough membership functions as a
tool for reasoning with uncertainty.

We introduce the new definition of rough

membership  function using the semi-
continuous function F(x) as:
(x) {F(x)InA|
(x) =—7F—7— ool ,F(x) e P(X),x €
X .......... *)
Definition2-1: AcX, closure of Ais

Aand A’ is interior , and A? is boundary.
A is exact if A’ = @ , otherwise 4 is rough.
AisexactiffA = A"

Example 2-1: consider example 1-1, we

have F(A) = {1, 2}, and F(4) ==
{1,2,3,5,6},
F(B) = {4),and F(B) = {3,4,5,6},

We can see, AnNB= @.F(AnB) =0, and
F(AnB)=0

LetC = {1,2,3}, thenF(C) = {1,2}, and
F(C)= {1,2,3,4,56},AnC = {1,3}.
F(ANB) ={1,2}, and F(ANB) =

{1,2,3,5,6}. P-(AIC) =2/2=1, P+(A/C) =5/6,

e =EEE = 1=1 R
:HLTSS{}TBH - % =1 5?3(3)‘“3 T{);T}T 3Y _
: LI g
: ngc)( )_|{16}n{13}| l;
1{1,6}| 2
PAGEL RS
W@ (1) :|{1>}|r2iis.5}| =1o1 WP
L 3|){}1n§|3 SH 2 _ =1 F(x)(g)_{3 4|){};i;|3 S
= % : F(x)(4)_|{4}T{E;1}|35}| :% —0

. F(x)( )_I{l ,63n{1,3,5}| 1,
l{1,6}| 2’
p(x)( )_|{156)}n{135}|
1{1,5,6}| 3
If B={2,4,6}
M;(X)(l) :|{1)}|r2i'|4‘6}| =0 g F(x) (2)
_l03n@2a6)l _ . F) gy _[BAINRAG _ 1
sl 0 fl Bz 2
] p(x) _{4}n{2.4.6} _1
()= [{4} "1 =1
. F(x)( )_|{16}ﬂ{24—6}| l .
I{ I{)1}6}{| o 2 |
p(x) _l{1,5,6)}n{2,4.6
(6) 1{1,5,6}| T3
Now, for s AuB=X
F(x) _lynxl _ o1 _ F(x)
I{ (})I Il : I{1 } ’IﬂX ®
1,3)}nX _ F(x) _1Bonx| _2 _
1{1,3}l |{2} I1 ()= [{3,4}| 2 1
: F(x) _[43nx| =1_
- |{|{4}}I I I{ 1)} 1|
- F(x) —11,6jnX] F(x) 6)=1L50)iNX|
(5)= l{Le} (6)= 1{1,5,6}1
==1

Then we have ™ = 3 uf® 4 1 F=g
We conclude the next proposition;

Proposition 2.1
If B is a family of pairwise disjoint subsets of

X then yF(x)(x)—ZAeﬁyA( )(A) for any
x € X.

Proof

F |F(x)NUg|
We have uls () = —Tizxnﬁ =
[U{F(x)nA:A€B}] F(x)
P = Taep sV (A).

Remark 2-1: we can define the fuzzy set by
using the equation (*) 4 = {(x uh® (x))}
Form examplel-1, for LetA = {1,3,5}, we
can defined = {(1,1), (2,1), (3,1)(4,0)(5,1/
2)(6,2/3)}.

However, the rough membership (*) is very
different from rough set theory or Lashin's
rough membership function (Sedghi et al.,
2017).
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Proposition 2-2. LetA € X. The rough mem-

ber function ,ui(x)(x) has the following prop-
erties:

1, () = 1iffx € F(A);
WP ) = 0 iff x € (F(A)©.
Proof S

If x € F(A); thenx € X|F(x) € A, then
ui(x)(x) =1.

If u5®(x) =1, thenx € F(A);

We have Xx EF(A)‘<eFx) N A

= yi(x)(x) = 0.

Example 2-2: From example 2-1 let X
{1,2,3,4,5,6},LetA =
{1,3,5},thenF(A)) = {1,2},and F(A) =
{11 2r 3r 51 6}1

,ui(x)(l) :|{1)}EE.|3-5}I - %: 1 ;MF(x)(Z)
:|{1’3|){}1rj§i3l5}| - % =1 Hi(x)(3):|{3,4|){};{};3~5}|
_ % ;MF(x)(4):|{4}f|W{i1}.|3.5}l :% —0
;MF(x)(5):|{1,€Er11ﬁ‘1},|3,5}| %;
‘ui(x)(6)=I{1.5i2’}22i3,5}l =§ .

Let B = {2,4,6} = thenF(B) =

{4}, and F(B) = {34,5,6}.

Ilg(x)(l) :|{1)}|f;§i4-6}| -0 ;Ilg(x)(z)
:|{1.3|){}1rj§i4-6}| = 0: ug(’”(3)='{3’4|)32£;4'6}' - %
;‘uF(x) ( 4):|{4}r|1{i2},|4-6}l :% -1
L F (5):|{1.6&r11‘{62},|4.6}| %;
Mg(x) (6):|{1,5i2’}22i4~6}| zg .

We can extend the concepts of rough set ap-
proximations to any subfamily of P(X).

Definition2-2: Let pcP(X), we define the 7 -
upper approximation F(p = {A €
P(B) | F(A) € n} and n-lower approxima-
tion F () ={A € P(X) | F(A) N 5 # 0}.

Preposition 2-3:

F(F(x)) ={F(x) }forallx € X}.
Proof:
We have F(F(x)) = F(x) = F(F(x));
if, then F(A)= F(F(x)) = F(x) = F(F(x))=
F(A) = A .Therefore , F(F(x)) = {F(x) }.

Approximation of continuous set valued
mapping and membership function rough

topology.

We introduce the new definition of rough
membership  function using the semi-
continuous function extending the definition
of rough membership function to topology
spaces by (Lashin et al., 2005).

T _ {fFe)}n4|
ps(x) = “Fol ,F(x) e P(X),x €
D, GUPT (*)

Example3-1: let X = {1,2,3,4,5,6}and let
F: X - P(X)where for every x€
X,F(1) = {1,2,3} = F(2),F(3) = {34} =
F(4),F(5) ={4,5},F(6) = {6}. LetA =
{1,2,3,4},

Then S: =

{{1,2,3},{3,4},{4,5},{6}}, then =
{{1.2,3},{3,4},{4,5},{6}, {3}, {4} },

We get © = {X,0,{1,2,3},{3,4}, {4,5}
,{6},{3},{4},{1,2,3,4},{1,2,3,4,5},{1,2,6},

{3,4,5},{3,4,6},{,6},{4,6},{3,4,5,6}}.
_la2n23al _ 1

T _ T L

Ha(l) 1{1,2,3}] 1= 1 pa(2)=1;
_1{3,4)31n{1,2,3,4}| 2 _ _

L Tee)=lsnz3 1 7o 1(6)n{1.234)]

0

== 0 .

LetB = (5,6, we have uj (1) =200

=0 I{;M%(Z):P; 1E(3)=0 ;,llg(z}):ol

ut _1t4.53n{5,6} _1 T _lte}n(s.6)

,MB(S)_ |{4’5}| 2 ‘uB(6) |{6}|

1

==1.

1

For X.

T _{L23dinx] o

Hx (1) T L,2,3) =1 =ux (2);
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1(3,4)nx] _ 2 _ oo
ux(3)=——"—— |{|{34}}}| | = | |_ 1=px(4)
T 4,51nX| _ l{e3nx|

1= g 7L (0=,

Proposition 3.1

Suppose that g is a family of pairwise disjoint
subsets of X then ulg(x) = Yepua(A) for
anyx € X.

Proof
The same way of proof in theory Proposition
2.1.

Note that, we can get the interior and closure
of Afrom the family Fof all ~closed sets:
F

= {A, D, {4,5,6},{1,2,5,6},{1,2,3,6},{1,2,3,4,5},

{1,2,4,6},{1,2,3,5,6}, {5,6}, {6}, {4,5},{1,2,6},

{1,2,6},{1,2,5}, {1,2,3}{1,2,4,5}{1,2,3,5},
{123} _
A={1,2,330{3,43 {3} {4}={1,2,3,4}, A=
X~{1,2,3,4,5}={1,2,3,4,5}.

Note that we can get it from rough member-
ship function.

F(A) = {1,2,3,4},and F(4) = {1,2,3,4,5},
it is clear A is rough from definition 2-1. Al-
so, B(A) # @, then rough.

CONCLUSION

The rough sets theory is considered as a gen-
eralization of the classical sets theory. The
main idea of rough set was built by equiva-
lence relations. Occasionally, an equivalence
is difficult to be obtained in rearward prob-
lems due to vagueness and incompleteness of
human knowledge. We generalized a rough
set theory in continuous functions and substi-
tuted an equivalence class by continuous
functions. Moreover, we introduced a new
definition of rough membership function us-
ing continuous function and discussed several
concepts and properties of rough continuous
set value functions as new results on rough
the continuous function and membership con-
tinuous function. In addition, we extended the

definition of rough membership function to
topology spaces by substituting an equiva-
lence class with continuous functions. Our
result connects rough sets, topology spaces,
fuzzy sets, and semi continuous function. We
believe our result has many applications in
some areas.
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