
838
8008

https://doi.org/10.54172/mjsc.v18i1.800DOI: 


t

a
dxtktxtftx  ))(,,())(,()(  (0.1) 

cax )(


t

a
dxtkIKxIKxtxtftx  ))(,,(),),(,()(  (0.2) 

cax )(


t

a
dsIKxsxxfctxQ )),(,()(  (0.3) 

(Contraction mapping)

    ,,for )(|},)(   aatTctxaaCtxE  (0.4) 

)(T









M

T
ab ),(min

 |))),(,(||,))(,,(|max( 21 IKxtxtfMxtkMM    

EB

  ||,||,,|),,,( wubabtawutB   (0.5) 

                                           
919 

https://doi.org/10.54172/mjsc.v18i1.800


839

8008

uwB

(Bielecki type norm)

    )()(and,,|)(|max|||| )( atvLtrbattxex tr
t    (0.6) 

2v)1,,max( 21 llL 1l

))(,,(  xtk2l)),(,( IKxtxtf

(Nonlinear Volterra Integro-Differential 

Equation)

(contraction factor)

01

parameter

1

 
t

a
caxdxtktxtftx )(,))(,,())(,()(   (1.1)

1B2B

(0.5)(0.6)

1:))(,,(  xtk

01 l1B

,1),,(),,,(|||),,(),,(| 1 Bytxtyxlytkxtk    (1.2) 

  TcubabtautB ||,,),,(1   (1.3) 



840
8008

2:))(,( txtf02 l2B

,2),(),,(|,||),(),(| 2 Bytxtyxlytfxtf   (1.4) 

  TcubtautB ||,|),(2  (1.5) 

3fk

2),(|),(|,1),,(|),,(| 21 ButMutfButMutk    (12) 

(1.1)

123

(0.4)(0.5)

(0.6)

at

(1.1)

  
t

a

t

a a
ddssxsKdxfctx



 ))(,,())(,()(  (1.7)

(1.7)txQ )(

txQtx )()(   (1.8) 

EEQ :E

    
t

a

t

a a
ddssxsKdxfctxQ



 |))(,,(|))(,(||)(|  

TMatMatM  )()()( 2

2
12

12
1

2   (1.9)

T

))()(( 2

2
1 ababMT 

 EEQ :  

Q(Contraction 

operator)

  
t

a
dyfxftyQxQtyQtxQ  |))(,())(,(|)(|)()(||)()(|  

  
t

a a
ddssysKsxsK



 |))(,,())(,,(|  (1.10) 

(1.2)(1.4)

(1.10)

   
t

a

t

a a
ddssysxldyxltyQxQ



 |)()(||)()(|)(|)()(| 12  (1.11) 



848

8008

(1.11))()( atvLatvL ee 

   
t

a

avLavL deeyxLtyQxQ   )()(|)()(|)(|)()(|  

 


t

a a

asvLasvL ddseesysxL


)()(|)()(|  (1.12) 

(max)

   
t

a

avLavL deeyxLtyQxQ  



)()( )|)()((|max)(|)()(|  

 


t

a a

asvLasvL

s
ddseesysxL



)()( )|)()((|max  (1.13)

(0.6)









   


t

a

t

a a

asvLavL ddsedeyxLtyQxQ


  )()(||||)(|)()(|  (1.14) 

     de
vL

eyxLtyQxQ avLavL ))1(
1

(||||)(|)()(| )()(  

  ||||)(
1

)1(
11

|||| )(

2
yxat

vL
e

Lvv
yx atvL 



















   











  )(
1

)1(
1 )(

2
at

vL
e

v

v atvL
 (1.15) 

(1.15))( atvLe 

 












  )()(

2

)( )(
1

)1(
1

||||)(|)()(| atvLatLatvL eat
vL

e
v

v
yxtyQxQe

 

  










  ))((min

1
)min1(

1
|||| )()(

2

atvL

t

atvL

t
eat

vL
e

v

v
yx  

||||)1(
1

2
yxe

v

v vL 
  

 (1.16) 



848
8008

||||)1(
1

)(|)()(|
2

)( yxe
v

v
tyQxQe vLatvL 


  

 (1.17) 

(1.17)tt aa,

||||)1(
1

))(|)()(|(max
2

)( yxe
v

v
tyQxQe vLatvL

t



  

 (1.18) 

(0.6)

||||)1(
1

||)()(||
2

yxe
v

v
yQxQ vL 


  

 (1.19) 

1)1(
1

0
2




  vLe
v

v

1,2  LvtxQ )(

(Contraction operator)

2

caxIKxtxtftx  )(),),(,()(  (2.1) 


t

a
dxtkIKx  ))(,,(:  (2.2) 

1B2B

(0.5)(0.6)

1:))(,,(  xtk

1),,(),,,(|,||),,(),,(| 1 Bytxtyxlytkxtk    (2.3) 

0,1 1 lB

  00 ||,,|),,(1 TcubabtautB   (2.4) 

2:)),(,( IKxtxtf

 ),,,(|)||(||),,(),,(| 11221 lzxtyxIlyxlIzytfIzxtf   

2),,( 2 BIzyt   (2.5) 

1Iz2Iz(2.9)02 l

2B

  110010 ||,||,|),,(2 TuTcubtauutB  (2.6) 

31B2B



843

8008

 210010 |),,(|,1),,(|),,(| MuutfButMutk    

2),,( 10 Buut   (2.7) 

(2.1)

123

(0.4)(0.5)

(0.6)

 
t

a
ytkzxtkzdI ),,(),,,(),()(: 21   (2.8) 

(28)

|||||| 12121 yxIlzzIIzIz   (2.9) 

(2.1)at


t

a
dsIKxsxsfctx )),(,()(  (2.10) 

(2.10)txQ )(

txQtx )()(   (2.11) 

EEQ :E

  ,)(|)),(,(||)(| 2 TMatMdsIkxsxsfctxQ   

 ata  (2.12) 

Q(Contraction 

operator)

 
t

a
xIkxsxxftyQxQtyQtxQ ))(),(,(|)(|)()(||)()(|  

 dssIkysysf |)(),(,,(  (2.13) 

(2.3)(2.5)

(2.9)(2.13)



844
8008

  









t

a

s

a
dsdyxlsysxltyQxQ  |)()(||)()(|)(|)()(| 12  (2.14) 

(2.15))()( atvLatvL ee 

  
t

a

asvLasvL eesysxLtyQxQ )()(|)()(|)(|)()(|  

 dsdeeyxL avLavL
s

a
  )()(|)()(| 

   (2.15)

(max)

(2.16)

 
  

t

a

asvLasvL

s
eesysxLtyQxQ )()( )|)()((|max)(|)()(|  

  



 

s

a

avLavL dsdeeyxL  



)()(|)()((|max  (2.16) 

(0.6)

  







 

t

a

s

a

avLasvL dsdeLeyxLtyQxQ  )()(||||)(|)()(|  (2.17) 

 







 

t

a

asvLasvL dse
v

eyxLtyQxQ )1(
1

||||)(|)()(| )()(
 

  )()1(|||| )(1
2

ateyx
v
LatvL

v

v    (2.18) 

(2.18))( atvLe 

   )()(1)( )()1(||||)(|)()(|
2

atvL

v
LatvL

v

vatvL eateyxtyQxQe  

 





   ))((min)min1(|||| )()(1

2

atvL

tv
LatvL

tv

v eateyx  

 ||||)1(
2

1 yxe vL

v

v     (2.19) 

||||)1()(|)()(|
2

1)( yxetyQxQe vL

v

vatvL     (2.20) 



845

8008

(2.20)tt aa,

||||)1())(|)()(|(max
2

1)( yxetyQxQe vL

v

vatvL

t
    (2.21) 

(0.6)

||||)1(||)()(||
2

1 yxeyQxQ vL

v

v     (2.22) 

1)1(0
2

1   vL

v

v e

txQ )((contraction 

operator)0,2  Lv

1

2)1(  L
1

1

 
t

tdxttx
0

23 ]1,0[,))((1)(   

0)0( x

  
t

ddsssxttx
0 0

23 ))(()(


  

txQ )(

  
t

ddsssxttxQ
0 0

23 ))(()(


  

T

 ,|0)(|,10,10|))(,,(1 TtxttxtB    

 TtxttxtB  |)(|,10|))(,(2  

1

23 ))(())(,,(   xtxtk

1B

  |))(())((||))(,,())(,,(| 2323  ytxtytkxtk  

 1),,(),,,(|,)()(|2 BytxtyxT    

Tl 21 



846
8008

2:1))(,( txtf2B02 l

TlllL 2),,max( 21 

3:1))(,,(1|))((||))(,,(| 223  BxtTxtxtk   

)1())1(,1max(,2))(,(1|))(,(| 22  TTMBtxttxtf  

)1()1(
,1min

22 



















T

T

T

T
  

E)"4.0("

B)"5.0("











































)1(
,0for|)(|

)1(
,0)(

22 T

T
tTtx

T

T
CtxE  

(0.6)

 1,0|),)(|(max|||| 2   ttxex vTt

t
 

2v

E

    TTTttxQ t 
2

2

2

2 22

)1()1(|||)(|   

T
2
12v

||||1||)()(|| )12(

24

4
3 yxeyQxQ T

T















 



 

1)1(0 4

4
3   Te

T
2
1

t[0, 1]

 

]1.0[,|))((||))(,,(| 223   tTxtxtk  

T

1


 
4

171

2

2 2

|)(|  TTTtxQ   



847

8008

)1( 4

4
3  e



t[0,1]

2

2

1

0T

 0|0)(|,10,10|))(,,(1 TtxttxtB    

 
t

TdxtIKx
0

2
0

23 1|))((|||   

 1
2

0 1|)(|,10|))(,(2 TTtIKxttIKxtB   

1

23 ))(())(,,(   xtxtk  

1B

Tl 21 

1),,(),,,(|,)()(|2|))(,,())(,,(| BytxtyxTytkxtk    

 
t

dxtIKxtxtf
0

23 2:))((1)),(,(   

2BTlTlllL 2,2),,max( 221   

|)()(|2|11||),,(),,(| 21  yxTIIKyIKxIzytfIzxtf   

2),,(),,,( 21 BIzytIzxt   

3:1))(,,(1|))((||))(,,(| 2
0

23  BxtTxtxtk   

 
t

TdxtIKxtxff
0

2
0

23 |))((1||)),(,(|  , 

,)),1min((),1()),1max(( 00
2

0
2

0
2

0
2

0 TTTTTTTM   

)1()1(
,1min

2
0

0

2
0

0





















T

T

T

T


E"(0.4)"

B"(0.5)"





















 )1()1( 2

0
2

0

0 ,0for|)(|,0)(
T

T

T

T otTtxCtxE  



848
8008

(0.6)

]1,0[|),)(|(max|||| 2   ttxex vTt

t
 

2vE

    02

2
02

2
0

22

)1()1(|||)(| TTTttxQ t    

02
1 T2v

||||)1(||)()(||
)1(

4

4
3

2
0

0

yxeyQxQ
t

t






 

1)1(0 4

4
3   TeT

2
1

t[0, 1]

]1,0[,|))((||))(,,(| 2
0

23   tTxtxtk  

0

1

T


 
4

171
|)(| 002

2
0

2 
 TTTtxQ   

)1( 4

4
3  e

31

1)0(],1,0[)21()(21)(
0

)(  
 xtdetttxttx

t
t   

eettxtk t 3|)21(||))(,,(| )(    

[0, 1]

T9

 TtxttxtB  |1)(,10,10|))(,,(1   

 TtxttxtB  |)(|,10|))(,(2  

1

)()21())(,,(   tettxtk  



849

8008

1B

01 l

2)(21))(,( txttxtf 

2B

|)()(||))(,())(,(| tytxtytftxtf   

12 l

1),,max( 21  lllL

2))(,(2|121||)(21||))(,(| BtxtTTTtxttxtf   

TTTM  )2,max(

1,1min 









T

T
E

B

 ]1,0[for |)(||]1,0[)(  tTtxCtxE  

  TTtxQ 
2
111|1)(|  

EEQ :

)1()1( 2

4
32

4
3   ee L

t

[0, 1]T0

4

2

3

 IKxtxttx  )(21)(  

  
t

t xtdettIKx
0

)( 1)0(],1,0[,)21(   

eettxtk t 3|)21(||))(,,(| )(    

[0, 1]

03 Te 13 Te 

 0|1)(|,10,10|))(,,(1 TtxttxtB    

 10 |)(|,|1)(|,10|))(),(,(2 TtIKxTtxttIKxtxtB   

1)()21())(,,(   tetttk

1B

01 l

2)),(,( IKxtxtf2B

|)()(||)),(,()),(,(| tytxIKytytfIKxtxtf   



850
8008

12 l

1),,max( 21  lllL  

32B

2|31321||)),(,(|  etetIKxtxtf  

eeeT 3)3,3min( 

eeM 3)2,3max( 

  1,1min
3

3 
e

e

EB

 ]1,0[for|)(||]1,0[)(  tTtxCtxE  

  eTTTtxQ 3,11|1)(|
2
1   

EEQ :

q

 )1()1( 2

4
32

4
3   eeq L

 

5

2

1)0(],1,0[,)())(()(
0

232   xtdxetetxetx
t

tt   

 
t

dxetIK
0

23 )(   

0T1B

 0|1)(|,10,10|))(,,(1 TtxttxtB    

eTxtk 2
0 )1(|))(,,(| 

 1
2

00 )1(|)(|,|1)(|,10|))(),(,(2 TeTtIKxTtxttIKxtxtB   

1B

 |)()(||))(,,())(,,(| 2323   yetxetytkxtk  

|)()(|)1(2 0  yxeT   

eTl )1(2 01 

 
t

tt dxetetxe
0

232 2:)())((   

2B

 |)),(,()),(,(||)),(,()),(,(| 21 IKxtytfIKxtxtfIztytfIztxtf  



858

8008

 |]))(())([(||)),(,()),(,(| 22 IKxetyetxIKytytfIKxtytf tt  

   |)()(|)1(2|))((| 3
0

2 tytxeTIKyIKxety t  

 |)()(||)()(|)1(2|)()(|)1( 1
3

01
2

0 tytxIltytxeTtytxIlT   

eTl 3
02 )1_(2

 
t

tt dxetetxeIKxtxtf
0

232 |)())((||)),(,(|   

eTeTTe 4
0

2
0

2
0 )1()1(   

,),)1min((,)1())1(,)1max(( 00
2

0
4

0
4

0
2

0 TTeTTeTdTeTM   

eT

T

eT

T
eTeTeTL

4
0

0

4
0

0

)1()1(

3
0

3
00 ,1min,)1(2))1(2,)1(2max(










   

EB





















 eT

T

eT

T
tTtxCtxE

4
0

0

4
0

0

)1(0)1(
,0for|)(||,0)(  

EEQ :

   
t

s ddssxeexetxQ
0 0

22 |)())((||1)(|


   


22

0
2

02
1

0

2
0

2 )1(1|)1())((| tTeTedeTexe t
t

   

0
22

0
2

02
1 )1( TTeTe    

EEQ :






















 eT

T

L eeq
)1(

4

4
32

4
3 0

0

1)1(   

t[0, 1]1)1(0
3

0 )1(4

4
3 

 eT
e

00 T



858
8008

 ],[for|)(||],[)(   aatTtxaaCtxE  

],[ aa],[ ba

)1(
12

vL

v

v e


1, 0

E

1)1(0 )(

12
 



abvL

v

v e

T

t],[ ba

t

],[ ba

],[ aa



853

8008

Existence and Uniqueness Theorem for Voltera Equation 

First Order 

Abd El-Salam Bo-Geldain  

 

Abstract 

 
In this paper I introduced two theorems for the local existence of a unique 

solution, one for Nonlinear Volterra Integro-Differential Equation in the additive form 


t

a
dxtktxtftx  ))(,,())(,()( , and the other for the general form 

)),(,()( IKxtxtftx  ; where 
t

a
dxtkIKx  ))(,,( , with the i.c. cax )(  and 

],[ bat . 

The proof is done by proving that the following operator: 


t

a
dIKxxfctxQ  )),(,()( , with 




a

dssxskIKx ))(,,( , is a contraction 

mapping in the metric space: 

 ;],[for|)(||],[)(   aatTctaaCtxE  where  
M
Tab ),(min   

and |))),(,(||,))(,,(|max( 21 IKxtxtfMxtkMM   ; noting that E  is a subset of 

the Banach space B  given by: 

 ||,||,,: WubabtaB  , each of u and w is a continuous 

function in its arguments, and B  is equipped with the following weighted norm which 

is known as bielecki's type norm: 

)()(and],[|),)(|(max|||| )( atvLtrbattxex tr

t
   for any finite numbers 

2v  and ),,max( 21 lllL   such that 1l  is the Lipschitz's coefficient of ))(,,(  xtk  

and 2l  is the Lipschitz's coefficient of ).),(,( IKxtxtf  By using the above mentioned 

norm, I concluded that txQ )(  is contractive on the following form: 

||||)1(||)()(||
2

1 yxeyQxQ vL

v

v     

Which reveals that the contraction coefficient )1( )(1
2

abvL

v

v e    is in (0, 1) 

],[)1,0( bat ; whence the existence of a unique solution is guaranteed globally if 

we can guarantee that ],[: batEEQ  . Indeed we got this result for all the 

examples.  
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