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N H?:l(aj)n Z
Py szl(ﬁj)n n!
is known as the generalized hypergeometric
series, or simply, the generalized hypergeo-
metric function. Here p and ¢ are positive in-
tegers or zero, and we assume that the varia-

ble z , the numerator parameters

ay,,,...a, and the denominator parameters

B, By, B, take on complex values, provided
that
B; #0,-1,-2,...; ] =12,.q. 2.2

Supposing that none of the numerator and de-
nominator parameters is zero or a negative
integer, we note that the | F, series defined by
equation (1.1):

(i) Convergence for |z|<oo,

@1

if p<q;

(i) Convergence for |z|<1,if p<q+1;

(iii) Divergence forall z,z #1,if p >q+1;

(iv)  Convergence absolutely for |z|=1, if
p=g+1 and [ (w)>0;

(v)  Converges conditionally for |z|=1

(z #))if p=q+1 and
1< W) <0;

(vi)  Divergence for [z]|=1, if p=q+1 and
0(w)<-1.

Where, by convention, a product over an
empty set is interpreted as 1 and

w ::Zq_:ﬂi —iai. @.3)

In this paper, we shall use the following
standard notations:

0 ={,23.}0=0,0{0}
Z,;=2"{0}={0,-1,-2,..}. The symbols
0,0,0,0,0%and0 " denote the sets of

complex numbers, real numbers, natural
numbers, integers, positive and negative real
numbers, respectively.

e The Pochhammer symbol (@),

[(Rainville, 1971), p.(22), Eq.(1), Q. N.(8)
and Q. N.(9), see also (Srivastava &

Manocha, 1984), p.(23), Eq.(22) and
Eq.(23)] is defined by:
_T(a+p)
@ =)
1 ;(p=0aell \{0}),
ala+1)..(a+n-1) (p=nell;aell),

H(a=-n;p=k;n,k ell ;0<k <n),

0 J(a=-n;p=k;nk ell ;;k >n),

k
(-1 [(p=-k;k el;ael\D),

it being wunderstood conventionally that
(0), =1and assumed tacitly that the Gamma

quotient exists (see, for details, [(Srivastava &
Manocha, 1984), p.21 et seq.]). Here, we aim
at the extensions and generalizations of
Kimmer's third summation theorem involving
the summation theorems given by Rakha and
Rathie. Here, for the purpose of the present
investigation, we would like to recall the fol-
lowing summation formula which is due to
(Kummer, 1836).

e Kimmer’s third summation theorem

[(Kummer, 1836). p.134]:

a,l-a;
27°rE)r/2)  (1.4)

G
o))
(c+a) (l+c aj

where ¢ elJ \[J

In the literature, the above summation formu-
la is also known as "Bailey's summation theo-

rem-.

ZFl

(1.5)
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e Summation theorem given by (Rakha &
Rathie, 2011), p.828, Theorem (6)):

al-a+m;
2 Fl A

B
2" Iz T@+m)I(B)

i r(a)r(ﬁ;‘)‘}r(ﬂ_;‘”j i

N F(/B’—a+n)
XZ (_1)n (m 2

[

(1.6)
where o, f,f-a,a-mell\, and
mell,.

Motivated by the work collected in the beauti-
ful monographs of (Andrews et al., 1999;
Bailey, 1953; Carlson, 1977; Erdélyi et al.,
1955; Prudnikov et al., 1986; Slater, 1966;
Srivastava & Choi, 2011) and the papers of
(Arora & Singh, 2008; Kim et al., 2010; Kim
et al., 2013; Miller, 2005; Qureshi & Baboo,
2016; Qureshi & Khan, 2020), and others
(Awad et al., 2021; Koepf et al., 2019), we
are interested in giving some summation for-

mulas for ,F,[1/2]in Section 2. In Section 3

and 4, we have given some summation formu-
las for ,F,[1/2]and F,[1/2] respectively.

The detailed proof of summation formulas has
been provided by using the summation theo-
rem given by Rakha-Rathie and the series re-
arrangement technique.

Any values of the numerator and denomina-
tor parameters in sections 2, 3, and 4, leading
to results which do not make sense are tacitly
excluded.

2- Summation formulas for ,F,[1/2]

Theorem 2.1. The following summation theo-
rem holds true:

a,l-a+p,c+1
3F2 A
b,c;
~ 2270 [z T(b)

el
a?)- )

(b+a+r Zp)
2
N (-a+p)f@a-p-1

c
F(b —a+rj
2

i ((P+2
er:c; (_1)[ r Jr(b+a+r—2p—2) !

I'a- p)Z

2
(2.1
where a,b,c,b-a,a-pel\], and
pel,.
Proof of Theorem (2.1): In order to establish

the result, we proceed as follows:
a,l-a+p,c+]

:F | T
b,c;

_ i(a)r(l—a+ p), (c+1), (1/2)
= (). (). r!

_ . (a)r(l_a+ p)r(:l'/z)r L
"2 o {“c}

r=0

Z“: ), (- a+p 1/2)r+£‘” @),(-a+p),1/2)
b),(r-1)!
(2.2)

r=0 C r=1

© 2022 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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Replacing r by r +1in the second term on
the right hand side of the equation (2.2), we
get:

a,l-a+p,c+1
1

b,c;

i ) (- a+P) (1/2)r+}i Juall-a+p),,(1/2)"
o= (0) 1!

r=0

_ i(a)r(l_a_i_p)r(llz)r_i_

=0 (), r!
aa a+p)<(1+a),(2-a+p), (1/2)
2bc ;% (L+b),r!
al-a+p;
1
=,k > +
b;
l1+a,2—-a+p
al—-a+p) 1
2bc  *! 2

1+b;

(2.3) Applying summation theorem (1.6) in
equation (2.3) , we get
a,l-a+p,c+1

aF P
b,c;
22z T)r(@-p)

_war(b;ajr(b—;+ljx

: p(f-a+r
3 (1Y(SJF((£+3frj)pj

. 2" (1—a+p)Jzr T)(@a-p-1) .
cF@)F(b;a)F(b_;+lj

+

i b-a+r
er (”(?rZJFQF+aErLZ)1p+aj

p+2

2

(2.4) On simplifying further, we arrive at the
result(2.1).

Theorem 2.2. The following summation theo-
rem holds true:

al-a+p,c+2
3F2 Py
b, c;
B 21+p7b \/; F(b)

- r@)r(b;ajr(b—;+ljx
b-a+r
oo |ea |

(b+a+r—2pj ’
2

+2a—a+mF@—p—Dx

C
b-a+r
[P+ i
x; (—)( r jr(b+a+r—2p—2]

2

N (1—a+p)(2—a+p)I“(a—p—2)><
c(c+l)

5 (—nr(p+4J ( F(b_2+r]

rr b+a+r—2p—4j

2

(2.5)
where  a,b,c,b-a,a-pel\], and
pel,.
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Theorem 2.3. The following summation theo- Theorem2.4. The following formula holds

rem holds true: true:

a,l-a+p,c+3 a,l-a+p,c+4

1

3F2 ? 3F2 ?
b,c;

b, c;
_ 21+p7b\/; F(b) y _ 21+p7b\/; F(b) y
F(a)l“(b ;ajr(b —;+1) F(a)(b;a}l“(b_gﬂl

= fo-err
x| Ha- p)z (1)[ ] b+a+2r -2p * F(a—p)z L [p] b+a+r 2p
r=0 1—*( j r=0
2
4(1 a+p)'a-p 1)
L 3@-a+p)f@a-p-1) c
c 1_ b- a+r
b-a+r ik (p+2
x’f (1) p+2 F( 2 j N XZ::; (_1)[ r j b+a+r—2p 2
ot r F(b+a+r—2p—2j
2 6(1 a+p)2- a+p)F(a p-— 2)
,30-a+p)2-a+p)r@a-p-2) clc+1)
cc+1) b a+r
b-a+r IRAy (p+4
sz“:‘ 1)y p+4 F( 2 j N X; (_1)[ r JF b+a+r—2p 4
—~ r F(b+a+r—2p—4j
2 ,A0-a+p)2-a+p)@3- a+p)F(a p 3)
cc+D(c+2)
+(1—a+p)(2—a+p)1(3—a42rp)l“(a—p—3)x 06 (p+6 r(b—zﬂ)
ce+he+2) X; (_1)[ r j b+a+r-2p-6
p(b-a+r F( 2 j
53 (—1)f(p+6j 2
= f r[b+a”‘2p‘6) | L (-a+p)2-a+p)3-a+p)d-a+p@a-p-4)
2 cc+)(c+2c+3)
(2.6) 8 l,(b—a+r)
. < p+8 2
where a,b,c,b-a,a-pel\0, and Xy (—l)r[r] brair_2p 8 ,(2.7)
pEDO. = F[ 2 j

© 2022 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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where a,b,c,b-a,a-p e\, and
pell,.

The proof of theorems (2.2)-(2.4), would run
parallel to theorem (2.1) with the help of
summation theorem (1.6) and the series rear-
rangement technique. The involved details are
omitted.

3- Summation formulas for ,F, {%}

Theorem3.1. The following summation theo-
rem holds true:
a,l-a+p,c+1,d +1,;

b,c,d;
B 21+p7b\/; F(b)

- Tﬁnf(b_aJF(b_a+lj
2 2
F(b—a+rj
([P 2
) [r}r(b+a+r—2p) "
2

N l-a+p)l+c+d)'(a-p-21) y

cd
F(b—a+r)
2

g2 (p+2
-1
X; ( )( r r(b+a+r—2p—2)

re-pY

2
+(1—a+ p)(2-a+p)l'(a-p —2)><

cd
(b—a+rj
2

R p+4
-1
X; ( )( r ]F(b+a+r—2p—4j ’

2
(3.1)
where a,b,c,d,b-a,a-pel\0J, and
pel,.

Proof of the Theorem (3.1):

In order to establish the result, we proceed as
follows.

a,l-a+p,c+1d +1;

F 2=
2
b,c,d;
— i(a)r(l_a+ p)r(c +1)r(d +1)(1/2)r
= (b), (), @), r!

), (L-a+ p ), 112 {1+ (1+c+d)r .\ r(r —1)}
cd cd

Z(a) (1 a-+ p) @r’2)’ (1+c +d)><
o (b), r! cd
(@),d-a+p) (/2
O Ty TR
1 $@)d-a+p) @/2)
w0 (b), (r - 2)!
Replacing r by r +1in the second term and

r by r+2in the third term on the right hand
side of the equation (3.2), we get

I}
s

(3.2)

al-a+p,c+1,d+1;

1
F P =
47 3 2
b,c,d;
i [(d-a+p), 1/2) (1+c+d)><
= (©),r! cd
3 @eal-arp), @/
©),.r!
ii(a)r+2(1_a+ p)r+2(:|'/2)r+2
b),,,r!

i (- a+p) 1/2)f s (1+c +d)a(1—a+p)X
r=0 2bcd
y (1+a)r(2—a+ p),(@/2)
Z (L+b), r! i
N a@+D)(l-a+p)2—a+p) §
4b (b +1)cd

© 2022 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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xi (2+a)r(3_a+ p)r(1/2)
r=0 (2+b)rr!
al-a+p;
1 . (@+c+d)a(l-a+ p)><

-.F
2t 2 2bcd

b;
l+a,2—-a+p;

><2F1 71 +
1+b;
+a(a +D)(1-a+p)(2-a+p) 8
4b (b +1)cd

2+a,3-a+p;
x,F — . (3.3)

2+b;

Now applying the summation theorem (1.6)
in the equation (3.3), we get
a,l-a+p,c+1,d +1

b,c,d;
2z T)(a-p)

- F(a)l“(b —ajr(b —a+1j
2 2

: r(b—g+r}
X,Z::; =) (r) ((b+a+rj j
M= —]-p
2
2470 (1—a+p)(l+c +d Wr T()@-p-1) )

cd F(a)l“(b_ajl“(b —a+1j
2 2

F(b—a+rj
2

p+2 2
. (—1)('“+ ]
= r F[(b+a+r+2j_(p+2):

p

+

+

2
2 (1-a+p)2-a+prTO)@-p-2)

od r(a)r(b'ajr(b "a”j
2 2

F(b—a+rj
2

5 )|

2

(3.4) On simplifying further, we arrive at the
result(3.1) .

Theorem3.2. The following summation theo-
rem holds true:
a,l-a+p,c+1,d +2;

4F3 o
b,c,d;
B 21+p7b\/; F(b)

- F(a)l“(b —ajr(b —a+l]
2 2

r(b—a+rj
) (_1)r[fj [b+a+2r—2pj ’
r=0 1’*
2

N l-a+p)2+2c+d)'(a-p-1) y

cd
F(b—a+r]
A (P+2 2
; (_1)( r Jr(b+a+r2p2j
2
+(1—a+ p)(2-a+p)(4+c+2d)'(@a-p-2) y
cd(d +1)
F(b—a+r}
prd (p+4 2
Xg; -1 ( r JF[b+a+r—2p—4j
2
+(1—a+p)(2—a+p)(3—a+p)1“(a—p—3)x
cd(d +1)

X

© 2022 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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F(b—a+r)
A p+6 2

_1r

XZ; ( )( r jr(b+a+r—2p—6) ’

2

(3.5)
where a,b,c,d,b-aa-pell\ll, and
pel,.

Theorem3.3. The following summation the-
orem holds true:
al-a+p,c+2,d+2;

b,c,d;
2l+pfb \/; F(b)

F@)r b—a)r(b—a+1j
2 2

F(b—a+rj
: ([P 2
x r(a—p); (-1) [rjr(b+a+r2pj N

2
_Fa—a+p)M+20+2dﬂKa—p—D y

cd
b-a+r

| (oo 25
X; (—)( r Jr(b+a+r—2p—2j

2

+(1—a+p)(2—a+p)I“(a—p—2)><
c(c+1)

y (14+cz+d2+4cd+9c+9d)><
d(d +1)

5 (—1)('““‘} 5
|

+
P r b+a+r—2p—4j
2

N (l-a+p)(2-a+p)(B3-a+p) y
c(c+1)

x@+m+anr@—p—$x

d(d +1)
b-a+r
p+6 F( 2 )

p+6
Xz; 04)( r jr(b+a+r2p6J !
2
+_a—a+¢n(2—a+¢n(3—a+p)x
c(c+)
XM—a+mrm—p—®x
d( +1)

r b-a+r
p+8 . p+8 2
-1
X;% - [ r F(b+a+r—2p—8)

2

(3.6)
where a,b,c,d,b-a,a-p e\, and
pel,.

Theorem3.4. The following summation the-
orem holds true:
al-a+p,c+1,d+3;

4F3 Py
b,c,d;
~ 21+p—b \/; F(b)

_F(a)r(b;ajr(b—gﬂjx

F(b—a+rj
x|ra-p)y (—1)f[p] 2
r

+
— r (b+a+r—2pj
2

4_(3+3c+d)(1—a+p)I“(a—p—1)X

cd
F(b—a+rj
2

g2 [(p+2
-1
X;; ( )[ r r(b+a+r—2p—2)

-

2

© 2022 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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+(9+3c+3d)(1—a+ p)(2-a+ p)l“(a—p—2)X
cd(d +1)

F(b—a+r)
LR p+4 2

_1r

X; ( )[ r ]r(b+a+r2p4j

2

N (l-a+p)(2-a+p)(3-a+p)(9+c +3d)r(a—p—3)X
cdd+)d+2)

b-a+r
p+6 1“( 2 J

X,Z::; (_l)r( r Jr(b+a+r—2p—6j *

p+

2

N (l-a+p)2-a+p)(3-a+p)4-a+p)I(a-p —4)X
cd(d+1) (d+2)

- b-a+r

p+8 , p+8 2
-1

szz;‘ ( )[ r 1ﬂ(b+a+r—2p—8j

2

(3.7)
where ab,c,d,b-a,a-pel\l, and
pell,.
The proof of theorems (3.2)-(3.4) would be
accomplished by following the lines of that of

theorem (3.1) with the aid of summation theo-
rem (1.6). The involved details are omitted.

4- Summation formulas for . F, [%}

and  F, B}

Theorem4.1. The following summation theo-
rem holds true:
a,l-a+p,c+1,d+1 g +1

5F4 Py

b,c,d, g;

_ 21+p—b\/; F(b) y
F(a)r(b—ajr(b—aﬂj
2 2

F(b—a+r)
«|r@-p)Y (—1)'["] 2
r

e~ r [b+a+r—2pj "
2

N (l+c+d +g +cd +cg +dg)><
cdg
x(l-a+p)f'@a-p-1)x

r b-a+r
p+2 ] p+2 2
-1
x; ( )[ r F(b+a+r—2p—2j

2

. (B+c+d +g)1l-a+p)(2-a+ p)l“(a—p—2)X
cdg

- b-a+r
g+ (p+4 2
-1
X; ( )[ r r(b+a+r—2p—4}
2

N (l-a+p)(2-a+p)B-a+p)I'(@a-p —3)X
cdg

b-a+r
F( j
p+6
X (-1’ (p+6 2

—~ r jr(b+a+r2p6j

N

-

2
(4.)
where a,b,c,d,g,b-a,a-pel\l, and
pel,

Proof of Theorem 4.1.: In order to establish
the result, we proceed as follows.

al-a+p,c+1,d+1 g+1;

sFy _1
2
b,c,d,g;
— i (a)r(l_a+ p)r (C +1)r(d +1)r >
o (b). (). @),

© 2022 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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g +1), @as2)y
(g),r!
= (@), A—-a+p), (1/2)
Z; (b), r!
x{1+ (L+c+d +g +cd +og +dg)r |
cdg

+(3+c+d +9) r(
cdg

+ ir(r—l)(r—2) }
cdg

r-1)+

_ N (a)r(l_a+ p)r(llz)r
2 o
+(1+c +d +g +cd +cg +dg) y
cdg
c (a)r(l_a+ p)r(ll Z)r
0 R
(3+c+d +9) Z(a) [(l-a+p), @/2) N
cdg = () (r-2)!
(@), @-a+p) (1/2)
ey (4

Replacing r by r +1 in the second term, r
by r+2 in the third term, and r by r +3 in
the fourth term on the right hand side of the
equation (4.2), we get

al-a+p,c+1,d+1 g+1;

5F4 "
b,c,d,q;

_§ @eul-arp) U/
®) 1!
+(1+c +d +g +cd +cg +dg)X
cdg

0 r+l
XZ(a)r+1(1_a+ p)r+1(1/2) +
(b), ,r!
+(1+c +d +g +cd +cg +dg) y
cdg

0 _ r+l
+ (3+C+d +g) Z(a)r+2(1 a+ p)r+2(1/ 2) +

cdg = b),,,r!
Z (@),.o-a+p),,2/2)"°
Cdg (b)r+3 r!

= (@), l-a+p), @/2)
=2 ©), 1! '

+(1+c +d +g+cd +cg +dgla(l—a+ p)><

2bcdg
Xi (1+a),(2-a+p),(1/2) N
r=0 (1+b)rr!

N (3+c+d +gla(l+a)(l-a+p)(2—a+p) y

4b (b +1)cdg
y > (2+a),(3-a+p), (1/2)

Z (2+b), r! "
+a(1+a)(1—a+ p)(2-a+p)B-a+p) y
8b(b +1) (b +2)cdg
y = (3+a),(4—-a+p), (1/2)

; (3+b), r!
a,l-a+p;

+(1+c +d +g +cd +cg +dg)la(l-a+ p)><

2bcdg
1+a,2—-a+p;
1
2F1 ? +
1+b;

N (3+c+d +g)a(l+a)l-a+p)(2—-a+p) y

4b (b +1)cdg
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2+a,3-a+p;
1
:2Fl ? +
2+b;
+a(l+a)(1—a+p)(2—a+p)(3—a+p)x
8b(b +1) (b +2)cdg
3+a,4—-a+p;
1
=_F S 4.3
F > (4.3)
3+b;

Now applying the summation theorem (1.6)
in equation (4.3), we get
a,l-a+p,c+1,d+1 g +1

5F4 A
b,c,d, g;
_ 2 Jr TO)T@-p)

- F(a)l“(b —ajr(b —a+1j
2 2

p , F(b—2+rj
XZ (—1)r[ j— +
r=0 r

r (b+a+r)_p
2

_+?W*a—a+ma+c+d+g+w4£g+mnx

cdg I'(@)

Nrr®)r@a-p-1
F(b—ajr(b—a+lJ
2 2
F(b—a+rj
p+2 2 2
XZ (_1)r(p+

— r ]F((b+a;r+2j(p+zg

+2“"‘*’(1—a+p)(2—a+p)(3+c+d+g)><

b-a
Wgrwﬂ(zj

+

XJE re)r@-p-2)
[b—a+1j
r
2
b-a+r
sz” (—1)’[ID+4 F( 2 j

r jr{(b+a+r+4J(p+®] ’

2

1+p-b _ _
+2 @ a+p¥2 a+p)><
cngKaﬂ“( ;a)

(8-a-p)F@a-p-3Jr= ')
(b—a+1)
T
2
F[b—a+rj
2

p+6 6
xY (—Df(p+ j .
~ r r((b+a;r+6j_(p+68

On simplifying further, we arrive at the result
4.2).

Theorem 4.2. The following summation theo-
rem holds true:

al-a+p,c+l,d+1,g+2
5F4 A
b,c,d, g;
B 21+p7b\/; F(b)

- r(a)r(b —ajr(b —a+1j
2 2

F(b—a+r)
{ T@-p)Y; {0 m 2

+
r(b+a+r—2p)

2
N (dg +cg +2cd +2c+2d +g +2) y
cdg
x(l-a+p)l@a-p-1)x
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F(b—a+r)
p+2 . p+2 2
XZ; G{)( r Jr(b+a+r2p2)
2
N (l-a+p)(2-a+p) y
cdg (g +1)
x(10+cd +2dg +2cg +g°+4c +4d +7g)x

F(b—a+rj
2

ik p+4
fa-p- 22& [ r jr(b+a+r2p4j ’

2
N l-a+p)2-a+p)B-a+p) 5
cd
8 (7+c+d +2g)I'(a—p —3)><
9(9 +1)

r b-a+r
g (pee) U
1
g rz_:;( )L r r(b+a+r—2p—6j "

2

+(1—a+ p)(2-a+p)3-a+p)d-a+p)la-p-4) y
cdg(g+l)

F[b—a+rj

&3 [(p+8 2
-1

x; ( )( r Jr(b+a—|—r—2p—8}

2

(4.4)
where a,b,c,d,g,b-a,a-p e\, and
pel,.

The proof of theorem (4.2) would run parallel
to the theorem (4.1) with the help of summa-

tion theorem (1.6). The details are omitted.
Theorem 4.3. The following summation theo-

rem holds true:
a,l-a+p,c+1,d +1, g +1,h+1

1

F _

6" 5 2
b,c,d,g,h;

_ 2" 7 T)

"Fm)r(b—ajr(b—a+1j
2 2

F(b—a+rj
xﬂap)Z(l)[] 2

+
F(b+a+r—2p)

2
s (l-a+p)(@a-p-1@+cdg +cdh +cgh +dgh +
cd
+cd +cg +ch+dg +dh+gh+c+d +g +h) y
gh

F(b—a+rj
2

g2 p+2
-1
X,Z:;‘ ( )[ r ]F(b+a+r2p2]

2

N (I-a+p)(2—a+p)(7+cd +cg +ch +dg +

cd
+dh+gh+3c+3d +3g +3h)I'(a—p —2)><

gh
b-a+r
1" - -
p+4 , p+4 ( 2 j
XZ; 04)( r jr(b+a+r2p4j
2
><(6+c +d+g+h)l-a+p)(2-a+p)(3-a+p) y

cdgh
[b—a+r)
2

Rt p+6
Ha-p- 321 ( r jr[b+a+r2p6j ’
2
. (l-a+p)(2-a+p)(3-a+p)d-a+p)(a-p-4) y
cdgh

F(b—a+rj
ALY p+8 2

_1r

X; ( )[ r ]F(b+a+r—2p—8j ’

2

(4.5) where
a,b,c,d,g,h,b-a,a-pell\l and
pel,.

Proof of Theorem 4.3.: In order to establish
the result, we proceed as follows.
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al-a+p,c+Ld+1 g+1Lh+1;

(2]

b,c,d,g,h;

_ OO (a)r (1_
_; (b), (). d),

L(g+D, (h+1), @/2)
(9).(h), r!
i(a)r(l_a+p)r(1/2)r %
0 (b),r!
X{1+ (L+cdg +cdh +cgh +dgh +cd +cg +
cd
+ch +dg +dh +gh+c+d +g +h) -
gh
+(7+cd +cg +ch +dg +dh +gh +
cd
+3c +3d +3g +3h)r(r
gh
. (6+c+d +g+h) ,
cdgh

1
+@r(r—1)(r—2)(r—3)} (4.6)

:i(a)r(l_a+ p)r (1/2)I’ +
r=0 (b)rr'
N (1+cdg +cdh +cgh +dgh +cd +cg +
cd
+ch +dg +dh +gh+c+d +g +h)><
gh
3@ -arp). W)
= (), (r-1!
N (7+cd +cg +ch +dg +d h +
cd
+gh +3c +3d +3g +3h)><
gh
S @x0-arp). 019",
= () (r-2)!
+(6+c +d +¢ +h)i (@), 1-a+p), (1/2) .
cd gh r=3 (b)r(r_B)l

-1+

(r=D(r-2)+

a+p), ©+1),(d +1),

1 C (a)r(l_a+ p)r (1/ 2)r
+cdgh; (b), (r-4)! (47)

Replacing r by r +1in the second term, r
by r+2 in the third term, r by r +3 in the
fourth term, and r by r +4 in the fifth term
on the right hand side of the equation (4.7),
we get

al-a+p,c+1,d+1 g+1Lh+1;

6F5 A
b,c,d,g,h;

_y @ l-arp). @2y,
(b),r!
N (+cdg +cdh +cgh +dgh +cd +cg +
cd
+ch+dg +dh+gh+c+d +g +h)x
gh
xa(l-a+p) < (1+a),(2-a+p), 1/2)
TR (L+b) ! "
N (7+cd +cg +ch +dg +dh +gh +3c +3d +
cdgh
+3g +3h)a(@+l)(l-a+p)(2-a- p)x
4b (b +1)
><2(2+a)r(3—a+ p), @/2)" N
! (2+b),r!
N a@+)@+2)1-a+p)(2-a+p) 8
8b(b+1) (b +2)
5 (3-a+p)(6+Cc+d +g+h) y
cdgh
><i(?,+a),(4—a+ p), @/2)f .
= (3+b), r!
. a@+)@+2)@+3)(l-a+p)(2-a+p) y
16b(b +) (b +2)(b +3)
y (3-a+p)(@d-a+p) Z“‘:(4+a),(5—a+ p), @/2)
cd gh Py (4+D), r!
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N (1+cdg +cdh +cgh +dgh +cd +cg +ch +
2cd

+cg +ch +dg +dh +gh +c +d +g +h) y
2bgh
l+a,2-a+p;

xa(l-a+b),F ?1 +
1+b;

+(7+cd +cg +ch +dg +dh +gh +
cd

+3c+3d +3g +3h)a(@a+l) (1-a+p) y
4b (b +1)gh
y a@+l)(l-a+p)(2-a+ p)><
4b(b +1)
2+a, 3—a+p,;

x(2—-a+p),F ?1 +

2+b;
N a@+D@+2)1-a+p)(2—a+p) 5
8b(b+1) (b +2)
><(3—a+ p)(6+c+d +g +h)><
cdgh
3+a,4-a+p;

x .k > +
3+b;
N a@+h@+2)(@+3)(l-a+p)(2-a+p) y
16b(b +1) (b +2)(b+3)
4+a, 5-a+p;
y (3-a+p)(4-a+p) F 1 (4.8)
cdgh 2
4+4h;

Applying the summation theorem (1.6)in
equation (4.8), we get
a,l-a+p,c+1,d+1 g+1 h+1;

b,c,d,g,h;
2 Jzr()r(@-p)

B b-a)_(b-a+1)
F(a)r( . jr( : )

p ) r(b—zﬂj
X; (_1)r(r] [(b+a+rj j
I -p

2
2"PP (—a+p)WrTO)@-p-1) .

r(a)r(b —ajr(b —a+1j
2 2
y (l+cdg +cdh +cgh +dgh +cd +cg +

cd
+ch+dg +dh+gh+c+d +g +h)><

gh
b-a+r
p+2 F( 2 j

r Jr[(b +a;r+2j_(p+2)]

2P (1—a+p)(2-a+p) y

+
F(a)r(b —a)r(b —a+1)
2 2

y (7+cd +cg +ch +dg +dh +gh +3c +

+

+

) (—1>f[

cd
+3d +3g +3h)V7 T(b)T(a- p-2)
gh
. e F(b—zﬂj
xg(; (-1) ( r ]r((b+a;r+4)_(p+4)J +
Jrzl*p*b (l-a+p)(2-a+p)@B-a+p) y

cdgh F(a)l“(b;aj
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(6+c+d+g+h) F@a-p-3)b).r .
(b—a+1)
T
2
b-a+r
%)

6
xS (—1)f[IO+ j +
~ r F[(b+a+r+6j_(p+6£

2
N 2" (l—a+p)(2-a+p)(B-a+p) y

cdgh r(a)r[b;aj

(4-a+pr@-p-Hroywz
(b—a+1}
I
2
b-a+r
i

p+8 8
Y (—nf(p+ ] .
e r F([b+a;r+8j_(p+88

On simplifying further, we arrive at the result
(4.5).

p+6

CONCLUSION

In our present investigation, we have given
certain extensions and generalizations of
Kimmer’s third summation Theorem (1.5) in

the form of ,F,[1/2], ,F,[1/2], (F,[1/2]
and (F;[1/2]where some numerator and de-

nominator parameters differ by a positive in-
teger, as claimed in the above theorems. We
conclude this paper with the remark that many
other summation theorems can be derived in
an analogous manner. Moreover, the results
deduced above are expected to lead to some
potential applications in several fields of ap-
plied mathematics, statistics, and engineering
sciences.
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