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Morphological and Histological Studies of Anogenital Scent L
Glands of Egyptian Jerboa Jaculus Orientalis dates.
Salma A. Abusrer

Department of Zoology, Faculty of Science, Tripoli University, Libya

ARTICLE Abstract: Rodents depend on the scent glands and their chemical secretions that stim-
HISTORY ulate the behavior of the same species and other predators in natural environments. The
great Egyptian jerboa Jaculus orientalis were obtained between Ajdabiya and Bengha-
Received: zi, eastern Libya to reveal their morphological and histological constituents. Because
6 October 2022 there are few studies on this subject, the morphological and histological details of the
anogenital region glands of adult male and female Jaculus orientalis will be described
Accepted: in this study. The anesthetized animal with diethyl ether was dissected then the skin
1 June 2023 around the anogenital region and one-third of the anal canals were excised and fixed in
10% aldehyde formalin, dehydration, and embedded, then serially sectioned Spum was
Kevwords: cut, stajned with epsin, hemat_oxylin, and_ trichrome for microscopic examination. A
R oc)llents : huge circumferential aggregation of modified compound branched sebaceous glands
G that permeate the submucous and are infused into the internal sphincter muscle layer of
Preputial Glaﬁd, the anal canal, with secretory canals that drain to the anal canal orifice's most outer.
Perianal Gland, The preputial glands of male and clitoris glands of female were anatomically appeared
Anal Gland. in the form of small, separate, scattered, and different sizes of follicular glands and
histologically formed compound branched acini sebaceous glands surrounded by con-
nective tissue. However, these results may drop some light on the role of these glands

in the scent-marking behaviors of males and females of Jaculus orientalis.
Jaculus orientalis gyaad) £ Alalinl) L ,dd) dad))l) sl Ay 4 a8 clalye
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INTRODUCTION animals communicate with one another. The
morphological and histological differences
between scent glands vary depending on the
animal, gland location, size, and secretion

Scent glands are found in almost all mam-
mals, they secrete chemicals that enable

*Corresponding author: Salma A Abusrer: Salma_Abusrer@Hotmail.com, Department of Zoology, Faculty of Science, Tripoli University. Tripoli,
Libya.
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technique. Some scent glands are found
within the skin's tissue structure, whereas
others are found as specialized organs be-
neath the skin (Vaughan, 1986; Arakawa et.
al., 2008; Ralls, 1971; Harriman & Thies-
sen., 1985; Ferkin & Leonard, 2005;
Shimozuru et. al., 2006; Janda et.al., 2019;
Yousef et. al., 2022).

The chemical compositions secreted by the
scent glands play an important role in the
different behaviors of male and female ro-
dents and Ferrets, Rabbits, Muskrat; these
secretions may cause different effects in the
attraction of females to males and vice ver-
sa, but the response varies depending on the
quantity and quality of glandular secretions
issued by males and females, as well as oth-
er sources of smell (Zhang et.al., 2017;
Shimozuru et. al., 2006; Quesenberry et. al.,
2020; Xie et.al., 2022).

According to previous studies many mam-
mals have scent glands surrounding the
anogenital region of rodents in general, rats
and mice in particular, which are distinct
types of modified sebaceous holocrine
glands that create sebum materials such as
the preputial gland, which is located in the
prepuce of males, the clitoral gland, which
is located in the clitoris area of females, the
perianal or circumanal glands, and anal
glands, that release secretions with urine in
addition to the odors of the urine com-
pounds themselves, can all be used as scent
marking glands. (Ferkin and Johnston,
1995; Cloe, 2004; Arakawa et. al., 2007;
Arakawa, 2008; Mshiriet.al., 2009; Yoshi-
zawa, 2018; Ferkin, 2018; Sialiti, 2021).
While both the anal, and the perianal glands
in Guinea Pig, and Caviaaperea are situated
in the anal sinus area and the two glands are
differ in histological structure and size in
males and females based on sexual activity
and dominance (Arakawa et. al., 2007; Her-
rera, 1992; Zechman et.al., 1984).

Trevor et. al., (1981) and Budsberg, (1983)
also revealed that the perianal gland in some

carnivores consists of one or more lobes,
each histologically composed of modified
sebaceous glands, and each lobe drains
through small openings on both sides of the
anus. Also, the anal scent gland in
Crocutacrocuta is a swollen anal sac located
above the anus and its secretions are used to
mark the territory, (Woodmansee et al.,
1991), while Mephitidae contains two or
three lobes of anal scent glands located on
both sides of the anus, secreting an unpleas-
ant odor when attacked by a predator (Heidt
and Morgans 1982). As well as (Helder and
Fremuller, 1995; Helder Jose et al., 2016)
describe the anatomical and histological
structure of the paracloacal scent gland in
the Brown four-eyed opossum / Meta-
chirusnudi caudatus as consisting of two
lobes of the gland, one located to the right
of the anal canal and the other to the left of
it, which affects the mating sexual behavior
of the animal, as well as cloacal of Brand's
hedgehog consists of the sweat and populat-
ed sebaceous glands (Akbariet.al., 2020).

However, the resent studies about the ana-
tomical and histological structure of the
scent glands, which are related to the same-
genus rodents in Libya, Jaculus jaculus, de-
scribed scent glands anatomically and histo-
logically, the perianal glands are composed
of several sebaceous glands of different siz-
es, modified, located in the around the anal
region, which are compound acini glands
surrounded by a capsule of areolar connec-
tive tissue that drains outward on the skin of
the anogenital area (Mshiri et. al., 2009).
Also, in another study (Mshiri et. al., 2013)
on the skin glands of Ctenodactylus gundi,
it contains two types of scent glands; The
first is large modified sebaceous glands
connected to the coarse hair wall around the
pubic area (prepuce) and (clitoris) in males
and females, respectively, and the second
glands are consists of three lobes located
around the anus (perianal), both of which
are structurally compound branched acini
with holocrine secretion, surrounded by
compound tubular glands of apocrine that

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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drain their secretion to the exit through a
special duct, generally the skin glands and
especially sebaceous glands providing about
90% of its surface lipids (Hoover et.al.,
2022).

However, based on what was before men-
tioned in the previous studies and continua-
tion of the scientific journey, this study
aimed to further explore the anatomical and
histological structure of the scent glands in
the Great Egyptian Jerboa Jaculusorientis.

MATERIALS AND METHODS

For this investigation, twenty male and female
Jaculus orientis were captured in the fields
between Ajdabiya and Benghazi in eastern
Libya Figure 1. The adult male and female
animals were anesthetized and slaughtered
then placed in a container containing water
and ice at a temperature of about five degrees
centigrade for 30 min for animal desensitiza-
tion. The macroscopic aspects of the anogeni-
tal region of adult male and female glands
were observed fresh under a stereomicroscope
(LEICA ES2) and dissected the anogenital
area; perianal with one third of anal canal and
pubic skin patch, then the removed pieces of
skin were positioned in cassettes and then
fixed by immersion in a %10 formaldehyde
solution and preservation for at least 24 hours.
This study was authorized by the System of
Authorization and Information on Biodiversi-
ty and was certified by Tripoli University/
Zoology department.

longitudinal and transverse cuts across the
samples to analyze their morphology under
light microscopy. The samples were rinsed in
running water for 30 min before being dehy-
drated in a series of increasing ethanol con-
centrations (from 70% to 100%), clearing in
xylene, embedded in paraffin. Sections were
made with thickness of 5 - 6um using micro-
tome (LAB-MR500). Following that «sections
were stained with hematoxylin and eosin
(H&E) to examine general features and Mas-
son's trichrome stain to examine connective

tissue collagen fibers, according to the stand-
ard method in Culling, C.F.A. (1963). The
slides were observed using light microscope
and photographed using a digital camera. The
capture images were being used to examine.
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Figure. (1) the geographical distribution of the Egyp-
tian jerboa Jaculus orientis in North Africa.
http://www. Jaculus orientalis - (7ywn.com).

RESULTS

Gross Anatomy: Regardless of gender, all of
the Egyptian great jerboa <Jaculus orientis
specimens examined have scent glands in the
anogenital area Fig. 2 (A); perianal, anal and
prepuce glands; which are clitoral glands in
females and preputial glands in males. The
skin around the female and male genital ori-
fice appears structurally slight grainy in the
form of small irregularly sized protrusions of
various shapes in prepuce region. They were
oval and circular, with dense pale coloration
and powerful scents when handled. The peri-
anal glans were tiny protrusions that sur-
rounded the anal orifice and contained low-
density greasy hair, as shown in Fig. 2 (B
and C), but anatomically anal glands are in-
visible.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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Figure. (2). A, Great Egyptian jerboa Jaculus orientis,
B and C the different masse, shape and size of prepuce
glandular, B, clitoris glands in female and C, preputial
glands in male arrows.

The histological ultrastructure of the scent
glands :First: the anal and perianal are group
of separated glands located in the mucosa
and submucosal layer of the anal canal and
anus «<which are compound branched acini
)sebaceous glands) with holocrine secretion
Fig.3 (A, B and C), each gland is consisting
of mature acini with pale and shattered cells ¢
immature acini which consisting of dark
stained cells. Also, the acini are surrounded
by a capsule of connective tissue that rich in
collagen fibers Fig.3 (C and D).

'secretions were drained through
a central canal lined with stratified non-
keratinized epithelial cells that opened within
the anal canal to expel their secretions with
excreta. The glandular acini cells' secretions
are drained by displacement with the aid of
myoepithelium cells surrounding the acini, as
shown in Fig.3 (D), as well as the skeletal
muscles of the anal canal as shown in Fig.3
(B and C).

Figure. (3). A, B and C, shows the various structures
of large modefied sebaceous glands in the mucosal and
submucosal layer of the anal canal (H, E and Tri-
chrome, 10X, 20X and 40X respectively). D, shows
mature glandular acini (M ac) consisting of pale and
shattered cells, immature glandular acini (IM ac) con-
sisting of dark stained cells. C, capsule consisting of
areolar connective tissue with myoepithelelial cells
(arrows, H & E 40X).

It also contains a group of modified
sebaceous glands of the holocrine type that
are distributed between the longitudinal and
circular skeletal muscle layers of the anal
sphincter structure. These glands are
encapsulated in a thick outer capsule of
skeletal muscles that is considered part of the
anus Fig.4 (A and B). In addition, each of
these glands is encased by an inner capsule
composed of areolar connective tissue, from
which the trabeculae subdivide the glands
lobes into lobules as in Fig.4 (B and C). Each
gland is made up of a cluster of glandular
lobes; each glandular lobe is made up of a
cluster of glandular lobules, which are
includes a glandular acinus that made up of
two types of cells: basal flattened cells with
clear basophilic stain central nuclei, mature
cells with unclear nucleus and rich in fatty
substances and other ruptured cells Fig.4 (C).
The secretions of the acini drain into the
lateral secretory ducts, which are lined with
unkeratinized stratified squamous
epithelium «and then into the central canal,
which is lined with unkeratinized stratified
squamous epithelium. The central canal ends

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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at the anus orifice, which is lined with a
keratinized stratified squamous epit helium
Fig.4 (D).
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Figure. (4). Perianal glands large modified sebaceous glands
(MSG), A and B, circumferential arranged around the anus
(AN), between the anal orifices sphincter muscles (SM) and
in hypodermis (H). C, the gland is surrounded by an external
capsule (Ec) and the internal capsule (Ic). the mature acinus
(M ac) is consisted of pale cells and shattered cells, and im-
mature acini (IM ac) consisting of dark stained cells. D, cen-
tral canal is lined by the keratinized stratified squamous epi-
thelial tissue arrow. A, (H&E and Masson's Trichrome) and
B, C and D (H&E) (20X, 20X, 20X and 40X).

Second: Prepuce glands (preputial and
clitoral glands: Prepuce glands are a
protrusion consisting of various shapes lobes
of a large separate modified sebaceous gland
Fig.5 (A, B and C) <which are surrounded by
areolar connective tissue, forms the outer
capsule of each glands Fig.5 (A and C). Each
glandular lobe is madeup of glandular
lobules consisted of acini that are made up of
immature, mature, and exploding cells Fig.5
(E and F). All glandular acini are linked to
the lateral secretory ducts ¢these ducts are
lined by unkeratinized stratified squamous
epithelium. Their secretions drain into the
main ducts, which is lined by unkeratinized
stratified squamous epithelial cells Fig.5 (C,
E and F) and the keratinized stratified
squamous epithelium towards the peripheral
orifices of the main ducts Fig.5 (D), the
secret ions of these glandsare drained
through the main ducts of each gland on the
surface of the skin of the prepuce. However,
each gland connected with hair which

secretions flow to the outer surface of the
prepuce the secretion is displaced by the help
of myoepithelial cells) surrounding the
glandular acini Fig.5 (B). Secretion is
displaced by the help of myoepithelial cells
that are surrounding the glandular acini Fig.5

(B).

Figure. (5). A, the various large modified sebaceous
glands in the prepuce. B, each gland consists of many
lobes (lo) connected with hair (H), and lobe subdivided
to lobules that are surrounded by a areolar connective
tissue containing myoepithelial cells (arrows). C, the
gland surrounded by dense connective tissue capsule
(¢) rich in collage fibers. C, D, E and F, each lobule is
consisting of mature glandular acini (M ac) consisting
of pale cells and disruption cells (dc) and immature
acini (IM ac) consisting of dark stained cells, the lateral
ducts (Lc) and the main duct (Md) lined with un-
keratinized and keratinized stratified squamous epithe-
lium. (A, C, D. E and F stained with (H&E), 20X, 20X
and 40X) (B stained with (Masson's Trichrome) 10X).

DISCUSSION

The anatomically study of the great Egyptian
jerboa Jaculus orientis indicated the presence
of glandular masses of numerous shapes ar-
ranged around the genital area, randomly ar-
ranged in the prepuce of the male and the clit-
oris of the female. This result agreed with the

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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results that mentioned by (Mshiri et. al., 2009;
Nelson and Thiboul, 2012) in terms of the lo-
cations of the preputial glands in Libyan
Jaculusjaculus <as well as with the skin
glands of the foreskin Ctenodactylus gundi
(Mshiri et. al., 2013), while it differed ana-
tomically with what Previously published on
the location of the foreskin gland in the Nor-
wegian rat Rattus norvegicus and the white
laboratory rats Rattus rattus, where the prepu-
tial gland consists of two glands resembling a
ball racquet, surrounded by a thick capsule
and drained its secretions through the urethra
of the male and female organ (Mshiri et.
al.,2005; Yoshizawa, 2018).

The histological study of the anal and the skin
of the genital region (uroano-genetal) organ
of the great Egyptian Jaculus orientis have
two types of scent glands were found; the anal
glands which are located in the mucous and
submucosal layer of the anal canal surrounded
by areolar connective tissue and the perianal
glands which are a group of separate glands
located between the muscular layer around
the anus and each gland is surrounded by a
layer of skeletal muscle serve as capsules,
both of which are modified sebaceous glands
with holocrine secretion <however this result
agree with the findings regarding the anal
scent glands in carnivores ¢as they are con-
sists of compound modified sebaceous glands
(Budsberg, 1983 ¢Trevor et .al., 1981), while
contradicted with the histological structure of
the anal glands of Ctenodactylus gundi which
are consist of compound sebaceous glands
with holocrine secretion and compound tubu-
lar glands with apocrine secret ion (Mshiri et.
al., 2013).

Also «this result differs with the anal scent
glands of skunks, which are composed of two
or three lobes and the glandular tissue consists
of compound tubular alveolar glands with ap-
ocrine secretion (Heidt and Morgan, 1982),
and differ with the anal pouch (acini) glands
of aardwolf Proteles cristatus that are histo-
logically consists of compound tubular glands
with apocrine secretion (Stoeckelhuber et.al.,

2000).Also, it's defers from the Brand's
hedgehog cloacal populated sebaceous gland
(Akbari et. al., 2020). In addition, the current
study indicates that each gland of the prepuce
area is composed of lobes and each lobe com-
posed of lobules, and each lobule consists of
acini which are consist of immature, mature
cells. The acini of the gland are connected to
the lateral and central canal that lined with
unkeratinized stratified squamous epithelial
cells. The orifice of the central duct is lined
with keratinized stratified squamous epitheli-
um. The secretions displacement with the help
of myoepithelial cells surrounded the acini,
this finding is agreed with the results of the
histological structure of the prepuce skin in
Libyan gerbil Jaculus jaculus (Mshiri et. al.,
2009), while disagree with the foreskin of the
gundi Ctenodactylus gundi (Mshiri et. al.,
2013) and also with foreskin of the Norway
rat Rattus norvegicus and white rat Rattus rat-
tus (Yoshizawa, 2018; Mshiri et.al., 2005).

CONCLUSION

The anatomical and scatological characteris-
tics of the scent glands are differed slightly
between males and females of the same spe-
cies and also differ between species <but no
specific model has been described, necessitat-
ing additional research in the same area as
well as more through studies to comprehend
the transmission of animal behaviors and to
increase the local database in Libya.
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Abstract: Headache is the most common complaint faced by physicians. Referring these
cases for a computed tomography (CT) scan requires awareness of red flags in the histo-
ry and examination by physicians. An assessment of the diagnostic utility of CT among
headache patients will help determine the most prevalent causes of headache and identi-
fy those who get benefit from it. is to find out the proportion of cranial abnormalities in
patients with headache without neurologic abnormalities with the use of a CT scan. Al-
so, to illustrate the most common causes of headache in these patients. This study was
carried out among 217 patients with isolated headache who underwent a plain, non-
contrast enhanced CT of the brain and para-nasal sinus (PNS).The median age was 34
years. The most prevalent age group was between 20 and 39 years old. The most com-
mon cases were females. The female to male ratio was 1.5:1. The most frequently occur-
ring cases in 2012 came from the ear, nose, and throat (ENT) department. The paranasal
sinuses (PNS) scan was used by 58.53%, and the brain scan was used by 41.47%. The
normal scan was 55.3% and the positive scan was 44.7%, which was further categorized
into minor incidental findings (17.97%) and significant abnormalities
(26.73%).Abnormal findings represent 44.7% of cases. The most common major abnor-
mality was sinusitis. An equal proportion (3.45%) of major abnormalities included sino-
nasal polyposis, chronic small-vessel ischemic changes, a suspicious brain tumor, and a
suspicious nasopharyngeal mass.
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INTRODUCTION

Headache is an almost universal experience
and the most common medical complaint.
Headache complaints are highly prevalent
worldwide, and they are the most common
nervous system complaints. Headache affect
individuals of all ages, races, socioeconom-
ic levels, and geographical areas. Headaches
affect patients most commonly between the
ages of 25-55 years (Stovner et al., 2007).
The overall lifetime prevalence was esti-
mated to range from 0.2%—-60% for head-
aches of any kind in adults (Stovner et al.,
2007; Stovner & Andree, 2010). Headaches
account for about 2% of all patient com-
plaints in the emergency room (ER) (Edlow
et al., 2008). The cause varies from a trivial
nuisance to a serious disease. However, on-
ly about 10% of patients were due to sec-
ondary causes (Buljéik-Cupi¢ & Savovié,
2007; Perkins & Ondo, 1995). Physicians
are confronted with the question of whether
or not it is necessary to do radiological im-
aging to confirm a distinct diagnosis. Alt-
hough most of the patients with chronic or
recurrent headache have no neurologic ab-
normality, many patients are evaluated with
CT and, more recently, magnetic resonance
imaging (MRI) to exclude an underlying
cause (Tsushima & Endo, 2005).

Different studies have confirmed the low
yield of different imaging studies of isolated
headache unaccompanied by other neuro-
logic findings. Also showed a low yield of
CT scan for these patients (parameter, 1994;
Sempere et al., 2005). Headache disorders
are classified into many types and subtypes,
but a small number of them impose most of
these burdens. To make a clinical and eco-
nomic decision, it is important to differenti-
ate between a primary headache without an
underlying abnormality and a secondary
headache; associated with an underlying pa-
thology. Sometimes it is difficult to discrim-
inate between primary and secondary head-
aches. Since the primary headache does not
need brain imaging because no underlying

cause exists, Primary headaches, which in-
clude migraine, tension-type headache
(TTH), are benign and usually recurrent.
Underlying organic diseases ranging from
benign conditions like sinusitis to serious
causes like subarachnoid hemorrhage (SAH)
cause secondary headaches. A detailed
headache history and a good neurological
and general physical examination should
help in deciding which patients need a CT
scan of the brain to find out the underlying
pathology (Clinch, 2001). At times, despite
the absence of a red flag, the brain CT scan
is sought to calm the anxiety of the patient
and their relatives. However, this raises the
issue of the radiation dose to the patient
(Garvey & Hanlon, 2002). Due to the una-
vailability and higher cost of MRI, CT is
requested more frequently. When the value
of negative results is not considered, the
costs of headache imaging are usually over-
stated (Tsushima & Endo, 2005). Misman-
agement and overuse of headache medica-
tions are major risk factors for problem ag-
gravation. Headache disorders are underes-
timated, and headache remains under-
recognized and under-treated worldwide.
However, no data exist in our country about
the use of CT for the evaluation of head-
aches with normal neurological findings.
The CT usage needs to be in balance with
the radiation dose. As CT is a highly useful
tool for diagnostic purposes, it should not
replace actual history-taking and clinical
examinations. These steps may limit the
cost and load on health care systems.

MATERIALS AND METHODS

Study design: This descriptive retrospect
review of radiology records by reviewing
the CT findings of patients complain of
headache those referred to CT scan unitat
Benghazi Medical Center (BMC).

Study period: The study included all radi-
ological records of headache cases during
the period from January 2012 to December
2013.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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Study setting: This study undertaken at CT
scan unit, Radiology Department- BMC,
which is located in Benghazi. BMC is the
largest tertiary referral, governmental and
teaching hospital in Benghazi. It receives
referred patients from different departments
in the center, such as; neurology, neurosur-
gery and ear, nose and throat departments.
In addition, the center receives patients
from various referral clinics in Benghazi, as
well as patients from all surrounding areas
of Benghazi. The BMC Radiology Depart-
ment staff consultants, specialists and tech-
nicians are well qualified and well trained.

Study population: The study included 217
headache cases referred for CT scan who
underwent non-contrast CT scan brain and/
or PNS during the study period.

Inclusion criteria: All patients of all age
groups who were complaining of headache
referred for CT scan.

Exclusion criteria: Patients with head inju-
ry, previous intracranial intervention, ma-
lignancy and the patients with neurological
deficit were excluded from the study.

Study tools:

Equipment: Phillips CT scan of 64 slices
model used for all referred patients. The
scans obtained by special parameters' tech-
nique such as Helical set with cut thickness
of one mill meter or less. The exposure set-
tings that have been used is 120 KVP with
359 m As.The medical CT scan images in
coronal and axial planes were visualized
and studied using the equipment screen.

Radiological requests: All CT requests of
headache cases during the study period re-
viewed thoroughly for collection of required
data.

Administrative approval: The director of
BMC had approved the study before starting
collection of data and the approval of the
head of Radiology Department. All data

were accessible from the patient’s medical
radiological records at the CT unit.

Data processing procedures / analysis:
The collected data fed through the computer
using Statistical Package for Social Scienc-
es (SPSS) for Windows version 18. The
analysis of data done in the form of descrip-
tive statistics as calculating mean, median,
mode and Standard deviation (SD). The data
then presented in tabular and graphical
forms.

RESULTS

The study carried out among 217 subjects of
any age groups investigated during the
study period. The median age of the studied
cases with headache was 34 years. The
youngest age was 8 years and the eldest was
73 years. Their mean £ SD was 35.82 =+
13.63 years. As presented in table 1. The
most prevalent age group among cases was
between 20 and 39 years representing
57.6% and the least prevalent age group was
aged less than 10 years (0.9%), as in table 2.
Regarding gender distribution, females had
the highest proportion (60.8%) among cases
who were complaining of headaches. The
male patients represent (39.17%), and the
female to male ratio (F:M = 1.5:1).

Table (1). Descriptive statistics of age of cases
complaining of headache.

Descriptive statistics of age ~ Age in years

Mean 35.82
Median 34.00
Mode 30.00
Std. Deviation 13.63
Minimum 8.00

Maximum 73.00

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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Table (2). Age category of headache cases.

Age category Frequency Percent
1% 2 0.9

ond 16 7.4

3 60 27.6

4™t 65 30.0

5t 33 15.2

6™ 23 10.6

7t 13 6.0

gh 5 2.3

Total 217 100.0

Table 3 shows that the most common age
group frequently complaining of headache
ranging from 20-59 years. The groups be-
tween 20- 39years represented by females
nearly (55.2%) and males (44.8%). Females
represents higher proportion compared to
males in all age groups.

Table (3). The age category regarding the gender of
patients presenting with headache.

Age grou Sex

(ir% ygars)p Male Female Total
<20 7(38.9%)  11(61.1%) 18 (8.3%)
20-39 56(44.8%) 69(55.2%)  125(57.6%)
40-59 19(33.9%)  37(66.0%)  56(25.8%)
>60 3(16.6%)  15(83.3%)  18(8.3%)

The CT unit of Radiology Department re-
ceives referred patients from different de-
partments. The most frequently referring
departments were ENT (47.9%) followed by
neurosurgery (27.1%) and neurology
(24.8%) as shown in Fig. (1).

50

40—

30

Percent

10—

o

Figure (1). Distribution of headache cases according
to the referral headache departments.

The data were retrieved from the patient's
medical radiological records archives be-
tween January Ist 2012 up to December
31st, 2013. The highest proportion of cases
were recorded in the year 2012 (62.67%)
compared to 2013 (37.3%) as shown in Fig.

).

2012.00 2013.00

Figure (2). Distribution of cases according to years
of investigation.

Fig. (3) illustrates that more than half
(58.53%) of headache, patients had PNS CT
scan and 41.47% of the cases underwent
non-contrast CT scan for brain.

Eran

Figure (3). Anatomical site of CT conducted for
headache cases.

Fig (4) illustrates that 55.3 % of referred
cases were normal and 44.7 % had abnormal
findings. These abnormal findings were fur-
ther divided to minor abnormality such as
deviated nasal septum, maxillary retention
cyst and absence of frontal sinus represents
18% of the total referred cases and cases
with clinically significant abnormalities,
e.g. Lacunar infarction, sinusitis. This cate-

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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gory represents 26.7% of the total referred
cases.

H aver mal
LAt

Figure (4). Prevalence of the positive CT scans of
the patient presenting with headache.

Fig (5) shows that a higher proportion
(55.3%) of CT scan cases who complained
of headache were normal, andthe abnormal
findings were prevalent among 44.7% of
cases. Concerning the minor abnormalities
among the referred cases, thirty-nine of the-
se cases had minor abnormalities, which in-
cluded deviated nasal septum represents the
highest proportion (41.0%), maxillary reten-
tion cyst represents (23.1%), absence of
frontal sinus (20.5%), concha bullosa
(12.8%) and the lowest proportion of cases
had (2.6%) arachnoid cyst, as shown in Fig.

(6).

It is evident from the images of PNS scan of
patients presented with headache that there
are bilateral chonchabullosa Fig. (7) and
deviated nasal septa Fig. (4) and (8) both
pathological changes lead to nasal obstruc-
tion.

E Minar sbnsrmaling

B Narmal

jnp SEanificant
sbnarmalsy

Figure (5). Distribution of referred headache cases
according to their CT findings.

Figure (6). The distribution of minor incidental
findings among the headache patients.

Figure (7). Bilateral concha bullosa.

Figure (8). Deviated nasal septum.

Major significant abnormalities detected
among cases that could potentially cause
headaches. Their total number was 58; the

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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highest proportion of these cases (86.21%)
was sinusitis. Equal proportionsof major
abnormalities (3.45%) includesino-nasal
polyposis, chronic small-vessel ischemic
changes (lacunar infarction), suspicious
brain tumor and suspicious nasopharyngeal
mass as inFig. (9).

3.40% 3.40% 3.40% 3 40%
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Figure (9). The distribution of major significant
findings among the headache patients.

Fig. (10) illustrates the image of PNS, there
is maxillary sinusitis in form of mild poly-
posal mucosal thickening of both maxillary
sinuses more evident in right side as the ar-
row points. CT scan brain for patient pre-
sented with an isolated headache. The scan
reveals that there is a small hypodense le-
sion seen in the left internal capsule, which
represents small lacunar infarction as shown
in Fig. (11).

Figure (10). Maxillary sinusitis.

Figure (11). Lacunar infarction.

Fig. (12) reveals that both maxillary sinus
andnasal cavity isalmost obliterated with
polypoidal mucosal thickening which con-
sistent with sino-nasal polyposis.
capsule, which represents a smalllacunar
infarction as shown in Fig. (11).

Fig. (12) reveals that both maxillary sinus
and nasal cavity is almost obliterated with
polypoidal mucosal thickening which con-
sistent with sino-nasal polyposis.

Figure (12). Sinonasal polyposis.

Regarding referred cases, ENT Department
had the highest proportion (72.2%) of cases
with positive findings, followed by neuro-
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surgery (19.6%) and the least referral de-
partment with positive findings was neurol-
ogy (8.2%) table 4.

Table (4). Case referral from various departments
and positive CT scan findings.

CT findings

Referral —
departments Positive Normal Total

Cases Cases

Ear Nose 70 34 104

&Throat (72.2%) (28.3%)

Neurosurgery 19 35 >9
(19.6%) (29.2%)

Neurology 8 o1 >4
(8.2%) (42.5%)

Total 97 120 217
(100.0%) (100.0%)

Table 5 shows that (12.9%) of headache
cases had hypertension and (87.1%) Were
non-hypertensive. Concerning between si-
nusitis and age groups, the highest propor-
tions of cases were observed among age
groups 20-39 and 40-59 (60% and 20%) re-
spectively, as shown by table 6.

Table (5). Proportion of hypertension among CT
scanned cases.

History of Hypertension No %
Yes 28  (12.9)
No 189 (87.1)
Total 217 (100.0)

Table (6). Relationship between age groups and si-
nusitis cases.

Sinusitis as  significant
Age group (in years)  abnormalities

No %
<20 6 (12)
20- 39 30 (60)
40- 59 10 (20)
>60 4 8)
Total 50 (100)

Table (7). Relationship between gender and sinusitis
cases.

Gender Sinusitis
Female 25 (50%)
Male 25 (50%)
Total 50 (100%)

DISCUSSION

Headaches are a very common complaint
among different individuals in communities.
This complaint is irritating to these individ-
uals, leading to their continuous seeking of
medical advice. The International Headache
Society (IHS) classified headaches into
primary and secondary headaches. Primary
headaches are not related to any organic
cause. It includes; migraines, tension head-
aches, etc. Secondary headache is related to
established causes such as tumors of the
brain and hemorrhage inside the cranial cav-

1ty.

This retrospective study included 217 sub-
jects, of whom 44.7% were diagnosed with
probable causes of headaches by CT scan
and 55.3% showed an absolutely normal
scan. Investigators observed similar results,
where most of the CT scans of headache
patients were normal. (Dumas et al., 1995)
evaluated cases of chronic headache using
CT scan and reported that CT has an ex-
tremely low yield in patients who were in-
vestigated for headache without any neuro-
logical abnormality. (Ahmad et al., 2008)
conducted a study in a teaching hospital in
Swat, Pakistan, and they concluded that
69% of patients who presented with head-
ache had no abnormality in CT scans of the
brain. (Ahmad et al., 2008).

More recently, (Lemmens et al., 2021) car-
ried out a retrospective study of 501 patients
who had a headache as their main symptom
and had visited the emergency room be-
tween April 2018 and the end of 2018. They
found that about half of the patients were
diagnosed with a primary headache disor-
der, which 1is in line with this study
(Lemmens et al.,, 2021). Furthermore,
(Clinch, 2001) evaluated cases of acute
headache using CT and MRI. He stated that
the majority of patients who presented with
chronic or recurrent headache and had no
neurologic abnormality, were routinely ex-
posed to CT and MRI for the diagnosis of
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the causes of their headache (Clinch, 2001).
Thus, the endeavor of clinicians should be
to reduce the radiation burden of a CT scan,
which involves considerable radiation. The
abnormal findings, like sinusitis, may be
falsely increasing the yield of CT.

It is evident from the present study that
there was a significant decrease in CT use
for patients with isolated headache when
comparing the proportion of cases evaluated
with CT in the year 2012 (62.67%) com-
pared to the year 2013 (37.3%). Therefore,
it is of the utmost importance that our de-
partment follows the international guide-
lines. So that the diagnosis of headache
types are done, whether the headache is of a
primary type that only needs the appropriate
therapy or a secondary type that requires
further diagnostic workup.

There is gender variation in relation to
headache. The present study reveals that
females are nearly two times higher to com-
plain of headache compared to males
(60.8% and 39.17%, respectively). This is
nearly similar to the study done by
(Morgenstern et al., 2001), in which 66% of
the patients were female among those com-
plaining of headache (Morgenstern et al
2001).

Cases of headache complaints were more
prevalent among the age group (20 to 39)
for both males and females (44.8% and
55.2%, respectively). This age group mainly
represents the reproductive age group. Un-
necessary exposure to CT scan radiation
will lead to undesirable side effects. We
must have considerable costs and radiation
exposure in this vulnerable age group.
Therefore, clinicians should consider these
side effects when advising CT for patients
in this age group. Unless these cases are
represented with a red flag and warning
symptoms/signs such as headache in a pa-
tient with risk factors such as immunocom-
promised patients or cancer patients, a CT
scan is advisable.

Considering the younger age group (less
than 20 years), in this study, they represent-
ed 8.3% of total cases. Among the age
group the sinus pathology represents the
highest percentage (60%) of abnormal
CT.(Lateef et al., 2009), studied headaches
among young children and reported that CT
scan of children presenting with headache
but non-worrying history and normal neuro-
logical findings, occasionally leads to life-
threatening diagnosis or contributes to ur-
gent management(Lateef et al., 2009).

The present study showed that the propor-
tion of the younger age group who had si-
nusitis as proved by CT was 12%, and this
finding is similar to the results of the study
done by Gupta et al., in which the propor-
tion of young cases with sinusitis ranged
from 1% to 13% (Gupta & Belay, 2008;
Rho et al., 2011) reported that neuroimaging
has a limited value in children who present
with an isolated headache. According to this
study, neuroimaging is not indicated in
children presenting with recurrent head-
aches and normal neurological findings
(Rho et al.,, 2011). A neuro-pediatrician
should reach agreement about the indica-
tions for a CT scan for children with of
headache according to standardized guide-
lines.

The overuse of CT scanning among the
young age group in the present study could
be attributed to family pressure as the par-
ents insist on neuroimaging procedures
thinking that they will help in the diagnosis
of the etiology of their children's headaches
and exclude major problems. Consequently,
only minor abnormal findings were discov-
ered with the CT procedure. Therefore, phy-
sicians have to explain the nature and etiol-
ogy of headache to parents and families to
minimize their anxiety, and the hazards of
ionizing radiation from CT scans.

The definition of minor and significant ab-
normalities, however, was not uniform
among the different studies performed. The
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minor abnormality did not affect the man-
agement of the patient. Many studies have
shown that CT scans of headache patients
without abnormal neurological examination
yield a low percentage of positive clinically
significant findings (Grosskreutz et al.,
1991). The current study showed that the
proportion of minor abnormalities was 18%.
Concerning major abnormalities represents
26.7% of total referred cases that need man-
agement and further workup, such as sinusi-
tis.

The present study revealed that the most
common cause of headache was sinusitis
(86.40%). This percentage could explain the
higher proportion of ordered PNS scans
(58.53%) compared to brain CT scans
(41.47%). Furthermore, this may indicate
the high yield of the PNS CT scan as a di-
agnostic tool. (Bulj¢ik-Cupi¢ & Savovié,
2007), reported that the PNS CT scan is pre-
ferred to be used as a golden standard tool
when medical treatment fails and when
planning for surgery '%.

The current study showed that the most fre-
quently referred department (47.9%) was
ENT. Accordingly, the highest proportion of
total positive findings (72.2%) was detected
among ENT cases. The highest proportion
(60%) of the age group with sinusitis was
(20-39 years) and there were no gender dif-
ferences. In general, the PNS scan is needed
for headache patients with suspected sinus
pathology.

The current study showed that a low propor-
tion of cases had lacunar infarction as diag-
nosed by CT. These findings are in accord-
ance with (Tentschert et al., 2005), who re-
ported that headache was less common with
transient ischemic attacks and lacunar in-
farction (Tentschert et al., 2005).

Regarding headaches as an isolated clinical
feature of tumors, a study showed that a low
proportion of headache cases diagnosed by
CT were suspected brain tumors. This is in

agreement with (Vazquez - Barquero et al.,
1994), they conducted a prospective study
and revealed that headaches are an isolated
clinical feature, which is rare in patients
with brain tumors (Vazquez - Barquero et
al., 1994). This suspected diagnosis is con-
sidered a preliminary diagnosis, that needs
further work up.

Most of the minor findings were incidental
and did not affect headache management at
all. The most common one was a deviated
nasal septum, which may lead to lateral dis-
placement of the middle concha and, subse-
quently, nasal obstruction and headache
(Morgenstein & Krieger, 1980). Followed
by the maxillary retention cyst, which rep-
resents 23.1%, a study showed the maxillary
retention cyst incidentally was reported to
be around 29.4%, despite the fact that most
mucosal retention cysts are asymptomatic.
Some cases presented with symptoms such
as headache and facial pain. One of the mi-
nor findings was concha bullosa, which may
cause middle meatus or infundibulum ob-
struction in conjunction with a deviated na-
sal septum to the contralateral
side.(Morgenstein & Krieger, 1980), de-
scribed contact nasal headache among a
group of patients with headache. He at-
tributed the headache to a pressure point
within the nose due to the existence of the
middle turbinates of the concha bullosa
touching the septum (Morgenstein &
Krieger, 1980).

CONCLUSION

The most prevalent age group among head-
ache cases was (20 and 39 years), female to
male ratio 1.5:1. Abnormal findings repre-
sent 44.7% of cases. The commonest major
abnormality was sinusitis. Equalproportion
of major abnormalities included; sino-nasal
polyposis, chronic ischemic changes, suspi-
cious brain tumor and nasopharyngeal mass.
Minor abnormalities represented 17.97% of
the total cases. The most prevalent type of
minor abnormalities was deviated nasal sep-
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tum. Among headache cases, only 12.9%
had hypertension.
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partial differential equations with a variable
coefficient (Madani et al., 2011), Black-
Scholes of fractional order (Elbeleze et al.,
2013; Kumar et al.,, 2012), Klein-Gordn
(Dubey et al., 2022).

The Mohand transform was first proposed
and introduced by (Mohand & Mahgoub) in
2017 and applied by many authors,
(Aggarwal et al.,, 2020; Attaweel &
Almassry, 2020; Qureshi et al., 2020).

(Khan & Ansari, 2016) presented an analyti-
cal solution of the Fractional Black-Scholes
European option pricing equation in the form
of the Fractional Taylor series with easily
computable components. On the same side
(Ravi Kanth & Aruna, 2016) suggested two
methods for the solution of the time fractional
Black-Scholes European option pricing equa-
tion. These methods are the fractional differ-
ential transform method (FDTM) and the
modified fractional differential transform
method (MFDTM).

In the present paper, fractional Black-
Scholes European pricing equations are ob-
tained from the corresponding integer order
equation by replacing the first-order time
derivatives with a fractional derivative in
the Caputo sense of order a with 0 < a < 1.
This equation is described by the following
equation

0%u N ox?0%*u O ou ©

gt T3 gz T TWOx 5~ (00Ul
=0,(x,t) e R* x (0,T),0
<a<l (D

Where u(x,t) is the European call option,
price at asset price x and at time t,T is the
maturity, r(t) the risk-free interest rate, and
o(x) represents the volatility function of the
underlying asset. The payoff functions are

u.(x,t) = max(x — E,0);

(2)

up,(x,t) = max(E — x,0)

Where u.(x,t) and u,(x,t) are the values of
the European call and put options respective-
ly, E denotes the expirations price for the op-
tion, and function max(x, 0) gives the large
value between x and 0.

The structure of this paper is organized as fol-
lows: In section 2 some basic definitions of
fractional calculus and Mohand transform are
given. The basic idea of the homotopy pertur-
bation method is presented in section 3. In
section 4 the problem with the solution algo-
rithm is given. In section 5 two examples
from literature are presented. A discussion of
the results is given in section 6. Finally, the
conclusion is drowning in section 7.

BASIC DEFINITIONS

Definition 2.1: A real function f(x),x > Ois
said to be in space C,, u € R if there exists a
real number p = u, such that f(x) = xPf;(x)
where f;(x) € C(0,) and it is said to be in
the space C ifand only if f" € C,,n €N

Definition 2.2 The Riemann-Liouville frac-
tional integral operator of order @ > 0 is de-
fined as:

R T ft)dt
0N =t Gopre E>ac
> 0)

For Riemann-Liouville fractional integral, one
has

ey = Fy+1)
T T(a+y+1)

Definition 2.3: the Caputo fractional deriva-
tive of a function f(t) of order @ is defined

as:
e B o fM(t)dt
£ f() = T@ ). &—pein’
n—1<as<sn 3)
Lemma

If m—1<a<m, meN,felm u>
—1, then the following two properties hold

L DJf(0)] = f(x). )
2. JUDFCO] = F(0) - S FHO S
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Definition 2.4: The Mittag-Laffler function
E,(z) with @ > 0 is defined by the following
series representation, valid in the whole com-
plex plane

ZTL

Ea(2) = Xnzotniy (4)

Definition 2.5: (Mohand & Mahgoub, 2017)
Consider a set A defined as

1t
A= {f(t):El M,t,,7, > 0,|f(t)| < MeY,

if te (=1)) x[o, oo)} (5)

The Mohand transform denoted by operator
M (+) defined by integral

MIf(O)] = Ru) = u? [ f(De ¥ dt,

t>0, ue€lry,1;y] (6)

The variable u in this transform is used to fac-
tor the variable t in argument of the function

f.

The function f(t) in equation (6) is called the
inverse Mohand transform of F(u) and is de-
noted by f(t) = M~[R(u)].

Some Properties of Mohand Transform

a. Linearity property of Mohand transforms:
If Mohand transform of functions
F,(t) and F,(t) are R;(u) and R,(u) re-
spectively, then Mohand transform of
[aF;(t) + bF,(t)]- is given by
[aR;(u) + bR, (u)], where a, b are arbi-
trary constants.

b. Change of scale property: If Mohand
transform of function F(t) is R(u) then
Mohand transform of function F(at) is

given by a R (2)

c. Convolution theorem for Mohand trans-
forms: If Mohand transform of functions
F,(t) and F,(t) are R;(u) and R,(u) re-
spectively, then Mohand transform of
their convolution F, (t) * F,(t) is given

{Fl(tl) * Fy(t) }
_ ( )M{Fl(t)}M{F1 )}

u?
1
= (=) R Ry
Where F; (t) * F,(t) is defined by
t

Fy() * Fy() = f Fi(t —x) Fo(x) dx
0 t

= fFl(x) Fy(t —x)dx
0

d. Derivative theorem: Let R(u) be the Mo-
hand transform of M[f(t)] = R(u) then

MIf™()] = u™R(w)
n-1

_ z un—k+1f(k) (0)

k=0

e. Fractional derivative theorem: Let
M[f(t)] = R(u) be the Mohand transform of
a piece-wise continuous and exponential order
function f(t). The Mohand transform for the
fractional order derivative of the function
f(t) under the classical Caputo fractional or-
der derivative operator of order ¢ > 0 is de-

vised as
n-—1 k)
MIDEF(O)] = u@RG) - Y LD (7)
k=0

For further details and properties of Mohand
transform see (Aggarwal & Chauhan, 2019;
Aggarwal et al., 2018).

The Homotopy Perturbation Method

o illustrate the basic idea of this method, we
consider the following nonlinear differential
equation

Au)—f(r)y=0re Q (8)
with boundary conditions
ou
B(u,—)=0, rerl 9
on

Subject to the initial condition:

u®(0) = ¢ (10)

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.



Al-Mukhtar Journal of Sciences 38 (2): 124-133,2023

where A is a general differential operator, B is
a boundary operator, f(r) is a known analytic
function, and I' is the boundary of domain Q.
In general, the operator A can be divided into
two parts L and N where L is a linear opera-
tor while N is the nonlinear operator. Eq. (8)
therefore can be written as follows:
Lw)+Nw)—f(r)=0 (11)

By the homotopy technique [24, 25] we con-
struct a homotopy v(r,p):Q x[0,1] > R
which satisfies

H(v,p) = (1 —p)[L(v) — L(uo)]
+p[A(v) — f(r)] =0 p€[0,1],r € Q (12)

Or

H(v,p) = L(v) — L(uop) + pL(uo)
+p[N@w)—-f(M]=0 (13)

where p € [0,1] is an embedding parameter,
Uy 1s an initial approximation of Eq. (8)
which satisfies the boundary conditions.

From (12) and (13) we have

H(v,0) =L(v) — L(uy) =0
(14)
Hw,1) = AWw)—f(@r) =0

The changing in the process of p from zero to
unity is just that of H(r,p) from wuy(r) to
u(r). In topology, this is called deformation
and L(v) —L(upy), and A(w)— f(r) are
called homotopic.

Now, assume that the solution of equation
(12) and (13) can be expressed as

vV =vy +pv + P2, e (15)

The approximate solution of Eq. (3.1) can be
obtained by setting p =1

u(x,t) = lin}v = Vo4V Uy (16)
p—)

The Problem with the Solution
Algorithm

We consider the following fractional Black-

Scholes (1) of the form

0%u N ox?0%*u
at« 2 0x2

+ r(t)xg—z —r(t)u] =0,

(x,t) € R x (0,7), 0<ac<l1

Firstly, applying the Mohand transform on
both sides of (1) subject to initial condition
(2), we have

Mu(x,t)] = uu(x,0)

ox?
+u*M Tuxx + r(t)xu, —r®)u| (17)

By operating the inverse Mohand transform
on both sides in (17), we have

2
o
u(x,t) = u(x,0) — M‘l[u‘“M[Tuxx

+ r(t)xu, — r(t)u]] (18)

Now, applying the (HPM) we get

> v (6 = u(x, 0)
n=0

—p| Mt |u*Mm [z p"H, (u) (19)
n=0
where
2
Hy = —Upyy + r(t)xunx - r(t)un]

2

Equating the corresponding power of p on
both sides in equation (19), we have

p%:uy(x, t) = u(x,0),
priug(x, t) = M~ (u"*M[Hy(w)])

pZuy(x,t) = M~ (u™*M[Hy(w)]) (20)

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.



Al-Mukhtar Journal of Sciences 38 (2): 124-133,2023

priun(x,t) = M~( u *M[H,_,(W)])
So, that the solution u(x, t) of the problem is

given by

n
u(x,t) = lim Z u,(x,t)
" n=0

APPLICATIONS
In this section, we discuss the implementation
of the proposed method.

Example 5.1. We consider the following frac-
tional Black-Scholes option pricing equation
as follows:

0°u  ox?0%*u

ou
+ (k — l)a—ku],

at* 2 0x?

0<a<1(21)
subject to initial condition
u(x,0) = max(e* — 1,0) (22)

Applying the Mohand transform on both sides
of (21) subject to initial condition (22), we
have
Mlu(x, t)] = uu(x,0)

+ U *M[uy, + (k — Du, — kul (23)

Operating the inverse Mohand transform on
both sides of (23), we have

u(x,t) = max(e* — 1,0) + M~ u"*M[u,,
+ (k—Du, — ku]]

Now, applying (HPM)

Yn=oP"Up (x,t) = max(e* —1,0)+

(24)

p| M~ |u"*M [Z p"H,(w)
n=0

where
Hy = Upyx + (k — 1)unx - 7"kun]

Equating the corresponding power of p on
both sides in equation (24), we have

p°:uy(x,t) = max(e* — 1,0),
phiug(x,t) = M~ (u*M[Ho(w)])

(=kt%)

= —max(ex, 0) m

(=kt%)

X~ 1,0) ——
+ max(e , )F(oc+1)

p*iup(x,t) = M~ (u™*M[H, W)])

(—kt®)?

= — x, 0 -
max(e®, 0 r2o 7

(—kt*)?
)_

x _
+ max(e 1,0 TZaiD

p™iun(x,t) = M7 (u*M[Hp- (W]

_ . (_kta)n

= —max(e*,0) F'(na+ 1)
v 1,0y k)

+max(e — 1, )m

So that solution u(x, t) of the problem is giv-
en by

n
u(x,t) = lim Z U, (x, t)
" n=0

= max(e* — 1,0)E,(—kt%)
+max(e”, 0)(1 — Ea(kt“))

where E,(—kt®) is a Mittag-Leffler function
in one parameter.

For the special case a = 1, we get

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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u(x,t) = max(e* —1,0)e Kkt 0%u 92 ou

u
0.08(2 i 2x?— +0.06x—
+ max(e*, 0)(1 — e*¢) Fr (2+sinx)"x" o5 +0.06x 2

L , —006u=0 ,0<a<1(25)
Which is an exact solution of Black-Scholes

equation (21) fora =1 Ll —— ey
b — — Approximate solution at +—0.01
and a=1

(a)

o x £— 001}

EEF3IT .

A i iy A

Vi, T e

P i

12 e N
(x 1) e e 001
forei=05 5 St A
B i o 77 Ly

LRI 0.02 [ [— Exact solution at t—0.02
"’I'_'#b.. 520 &Lt 2 d 4 - Approximate solution at t—0.02
% :

Tl and a=1
A gy o s
R Ay

1L =0.02)

12
_ Exact solution at —0.04
4 - — Approximate solution at =004
and a=1
(1)
foro=1
1. E=0_04)
3
12
_ Exact solution at t—0.05
1 — — Approximate solution at t=0.05
and oa=1
: ‘% LG =005y
Vi A i 0y Ly iy LY
e e
el el e
n(x, 1) £ i i, .,*:"""itg,?
g

Figure (2). Comparison of approximate solution with
Figure (1). (a) approximate solution @ = 0.5 exact solution at different times t = 0.01,0.02,0.04,0.05
(b) approximate solution @ = 1, and (c) exact solution for Eq.(21) with initial condition (22) with a = 1.

for equation (21) subject to the initial condition

Example 5.2. We consider the following frac- u(x, 0) = max(x — 25e7°°¢,0) (26)
tional Black-Scholes option pricing equation

Firstly, applying the Mohand transform on
as follows:

both sides of (25), subject to initial condition
(26), we have
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n
— _ -«
Mlu(x,t)] = uu(x,0) — u~*M[0.08 u(x,t) = lim Z w, (2, )
n—-oo
. 2.2 _ n=0
(2 + sinx)* x“uy, + 0.06xu, — 0.06u](27) — x(1— E,(~0.06t%)

Operating the inverse Mohand transform on 006 .
both sides of (27), we have +max(x — 25e7"7°,0)E4(—0.06t%)

u(x, t) = max(x — 25e~°9, 0) yvhere E,(—kt%) is a Mittag-Leffler function
in one parameter.

2
- - . 2
—M7 [u™*M[0.08 (2 + sinx) X“Uxx For the special case @ = 1, we get

+0.06xux — 0.06u u(x’ t) = x(]_ — eO'OGt, ())
Now, applying (HPM) + max(x — 25,0)e 906
Z p"u, (x,t) = max(x — 25e7%9€,0) Which is an exact solution of Black-Scholes
n=0 equation (25) fora =1
—p| M~ |{u™*M [Z p"Hy,(u) (28) @
n=0
where
2
Hyp = 0.08 (2 + sinx) %%ty + 0.06xu, aox

— 0.06u

Equating the corresponding power of p on
both sides in equation (28), we have

»)

p%:uy(x, t) = max(x — 25e7296,0),
Pliul(x,(t) = M"al)( u”*M[Hy(w)])
—0.06t
=X - -0.06 e
= —x CE) + max(x — 25e ,0) o %:,-;"f.:‘%:;"- e
(—0.06t%)
Na+1)
pruy (x,t) = M~ (u™*M[H; (W)])
_(=0.06t%)?
- ' TQa+ 1)
(—0.06t%)?
rea+1)

+ max(x — 25e7296,0)
©

s

2752
S AR T T

B e e b

P”!zun(x, t) =M (u*M[Hp-, (WD

:
L(c006e (x — 25¢-096. ) e = A
= - _ 257
- ) N ARSI
F(na +1) 8- A
(—0.06t%)" e :

I'(na + 1)

Figure (3). (a) approximate goiution a = 0.5, (b) ap-
proximate solution @ = 1, and (c) exact solution for
en by equation (25)-(26)

So that solution u(x, t) of the problem is giv-
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Exact solution at t=0.01

] — - — approximate solution at
t=0.01 and a=1

u(x, =001y

Exact solution at =0.02
1 — - — Approximate solution at +=0.02
] and a=1

ufx, £=0.02

Exact solution at —=0.04
1 — — Approximate solution t=0.04
and a—1

ulx.=0.04)

26.5 Exact solution at t=0.05 /"
Approximate solution at =005
and a=1 P

Figure (4). Comparison of approximate solution with
exact solution at different times t = 0.01,0.02,0.04,0.05
for Eq. (25) with the initial condition (26), with a = 1.

12 A

FBSEs (20-21)
FBSEs (25-26)

10

g -

ulx.f 6+

Figure (5). Comparison of the solution for equation
(21)-(22) and equation (25)-(26) with @ = 0.5 at time
t=0.01

DISCUSSION

Figures (1) (a and b) and (3) (a and b) display
the change in the solution behaviors when
a =1and 0.5 respectively. In both subfigure,
we see that the approximate solution is very
close to the exact solution subfigure (c) of (1)

and (3).

Further, Figures (2) and (4) show the compar-
ison of the exact solution with the (HPMTM)

solution at « =1 and t = 0.01,0.02,0.04 and
0.05 for equations (21)-(22) and (25)-(26) re-
spectively. It is clear that the (HPMTM) solu-
tions seem to coincide with the actual solu-
tion. Finally, Figure (5) provides a compari-
son of (21)-(22) and (25)-(26) with a =0.5
and « = 0.01, where it can be concluded that
the difference between the solution of frac-
tional Black-Scholes (21)-(22) and the solu-
tion of fractional Black-Scholes (25)-(26) is
due to the difference in o in both equations.

CONCLUSION

In this paper, the homotopy perturbation
method was coupled with Mohand transforms
(HPMMT) and successfully applied to get the
approximate analytical solution of the frac-
tional Black-Scholes option pricing equation
in terms of convergent series with easily
computable components. The results show
that this method is a powerful tool for obtain-
ing exact and approximate analytical solutions

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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of fractional Black-Scholes European option
equations.

Table (1). Mohand transform of some basic mathemat-
ical functions

S.N. F(t) M[F(t)] = R(w)
1 1 u
t 1
3 t2 2!
u
4 t"neN !
un—l
5 " n+1)
un—l
6 eat uz
(u—a)
7 sinat au?
(u? + a?)
8 cos at u?
(u? + a?)
9 sinh at au?
(u? —a?)
10 cosh at ud
(u? —a?
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Abstract: In the present study, the concentrations of 226Ra, 232Th, 238U, and *’K
in 10 different samples of foodstuff are investigated using a gamma spectrome-
ter with a Sodium iodide detector Nal(TI). The results indicated that the con-
centration of “*Ra, »**Th, ***U, and *’K in the samples ranged from (19.14 to
99.79) Bg/kg for radium, the activity concentration of Thorium ranged from
(31.09 to 124.93) Bg/kg, the activity concentration of uranium ranged from
(24.86 to 103.01) Bg/kg and the activity concentration of potassium ranged
from (101.83 to 480.92) Bq/Kg. The results indicated that the annual gonadal
dose equivalent (AGDE) of *°Ra, ***Th, and *’K in the samples were higher
than the permissible level (0.3mSv/y), except samples (S3, S5, S8).
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Gl dalidal) eilalg)

clye 10 2 *“Kand  2°U, °Th ,”%Ra 3815 clea o5 4uhall oda 3 paliial)
eyl ((Na T1) asasall 205 CallS Aauls Lla aldas alasinly 250500 alsa) (e dibids

psgeall 234 )
eyl S (99.79 LV 19.14) gu gl bl A K 0 5 UP® 5 Th?2 5 Ra™ 585 of ) gt
AL sl Ao S5y @3S [ JaSa (124.93 (A 31.09) (e asuysill Jalds 5855 #olyis casabll a2 [ i
S5 Adlad Caaglyig casS [ Jaa (103.01 () 24.86) (= psihsall zs)y5 - a iyl ol sl
Agsiad) Juliill depm of () bl el L axS [/ JaS (480.92 Y 101.83) cre psulisd)
e 0.3) 4 sl gsisall (o el clS K* 5 Th? 5 Ra™ 3 (AGDE) iS4l
(S8 ¢S5 ¢S3) il oLy ¢(4in/Cijians
are also present in cement plant atmos-
INTRODUCTION pheres (Hussein et al., 2018). The detection

Natural radionuclides exist in all human en-
vironments; earth materials, water, air,
foods, and even our own bodies contain
naturally occurring radioactive elements.
The long-lived 238U, 232Th, and their de-
cay series, as well as the 40K, are the pri-
mary natural radioactive sources of ionizing
radiation (Tawalbeh et al., 2011). Radioac-
tive elements such as uranium and thorium

of radionuclides in food is an important part
of the environmental monitoring program.
These natural radioactive sources account
for the majority of the radiation doses re-
ceived by humans (Alharbi & El-Taher,
2013). As a primary constituent of cellular
material, naturally occurring potassium 40K
is present in almost all foods (Alharbi & El-
Taher, 2013; Awudu et al, 2012;
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Canbazoglu & Dogru, 2013; Mehra & Bala,
2014). Inhalation and ingestion are two
ways radionuclides can enter the human
body. Ingestion of radionuclides through
food intake may account for a significant
fraction of the average radiation doses to
various organs of the body (Tawalbeh et al.,
2011); thus, ingestion of radionuclides
through food intake may account for a sub-
stantial fraction of the average radiation
doses to various organs of the body, and this
may also represent one of the important
pathways for long-term health considera-
tions (Al-Masri et al., 2004).

Food contains natural and man-made radio-
nuclides that, when consumed, contribute to
an effective internal dose. It is estimated
that food consumption accounts for at least
one-eighth of the mean annual dose due to
natural sources. Average radiation doses to
various organs of the body are also an im-
portant consideration for long-term health.
Three long-lived naturally occurring radio-
nuclides found in the earth's crust are
232Th, 238U (226Ra), and 40K. They typi-
cally enter the human body via the food
chain (Amin & Ahmed, 2013). Natural radi-
oactivity measurements in environmental
elements have been carried out in various
countries in order to establish baseline data
from natural radiation levels (Ahmad et al.,
2015).

The data on the radioactivity of radium, tho-
rium, and potassium in food are related di-
rectly to population safety; thus, the purpose
of this study was to provide primary radio-
metric data on radioactivity in grain food.
The primary goal of this study is to deter-
mine the activity concentration levels of
226Ra, 232Th, 238U, and 40K in various
types of foodstuff in different markets in
Libya, in order to ensure that food safety is
not jeopardized and that effective doses due
to ingestions are within the specified safety
limits. Several studies have been conducted
in various countries to determine the radio-
nuclide concentration in various food sam-

ples and the dose assessment from popula-
tion consumption of that foodstuff (Awudu
et al., 2012). Grains and their products are
considered staple foods because they are the
main component of daily meals, such as
bread, rice, and pasta. The levels of radioac-
tive materials in some grains consumed by
the populace must be carefully measured to
forecast any potential radiological risk.

MATERIALS AND METHODS

For radioactivity measurements, a total of ten
samples of fodder, each of mass 1 Kg, were
collected from different Libyan markets. The-
se feeds included wheat, barley, corn, feed
mixture, and others, which were cleaned,
ground, and dried in the electric oven in the
laboratory at 110C? for one hour per sample
to get rid of moisture in samples. Samples
were weighed, then stored in polymer con-
tainers of 250 cm3 volume for at least 28 days
to allow radioactive equilibrium to be
reached. This step is necessary to ensure that
radon gas is confined within the volume, and
that the daughters will also remain in the
sample to allow radioactive equilibrium to be
reached.

The aim of this work: This work was aimed
to examine the natural radionuclides in food-
stuff samples used as main animal fodder. A
high-efficiency Nal (TI) gamma-ray spec-
trometer was used to make the measurements
after samples of different foodstuff were col-
lected from local markets in Libya for the de-
termination of the presence of natural radio-
nuclides in some samples, which was one of
the main goals in this study, as well as deter-
mining the natural concentration to estimate
the radiation hazard indicators, and the equiv-
alent annual gonadal dose equivalent (AGED)
in foodstuff samples.

A Gamma-ray spectrometer with scintillation
detector Nal(TI) from ORTEC was used and
consists of a single crystal "3x3" inch of thal-
lium activated sodium iodide, with an energy
resolution of 7.9% and efficiency of 4.6% at
662 keV. Energy calibration and efficiency
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calibration of gamma spectrometer was car-
ried out using (*°Co,"’Cs, and **Na) in the
Advanced Nuclear lab-Department of Phys-
ics-faculty of Science -Omer El-Mukthar
University, El-Baida, Libya. This has five
gamma-ray emitters ranging from 511 keV to
2500 keV. The standard source was put over
the detector with a geometric match exactly
that of the geometrical sample form and with
the same distance between the sample and the
detector. The shield must be used to reduce
the radioactive background; the shielding
used in this study consists of two layers: the
first of stainless steel with a width of (10 mm)
and the second layer of lead (15 mm)
(Sutherland & De Jong, 1990).

Table (1). Description of the samples

Samples No Description

3] Ukrainian corn [Marai El-Morouj
company].

S2 Imported feed mixture.

S3 Patriotic wheat [El-Marj].

S4 Patriotic barley [El-Marj].
Wheat bran [production of flour

Ss .
mills].

36 Ukrainian corn [bright horizon
company].

37 Imported feed mixture [Bright
Horizon company].

S8 Ukrainian wheat.

39 Ukrainian barley [Bright Horizon
company].

S10 American corn.

Calculation of activity concentration: The
activity of a radiation source is the rate at
which the isotope decays. Radioactivity may
be thought of as the volume of radiation pro-
duced in a given amount of time. The radioac-
tivity concentration of the different identified
radionuclides was calculated by gamma-ray
spectrometry with the following simple rela-
tion [Tsoulfanidies, 1983].
Net area (CPS)

o= —arealt) (1)

I,x&.M
Where:

C= Activity concentration of the gamma spec-
tral line in Bg/kg.

Net area (cps) = the net detected counts per
second corresponding to the energy

& = Counting system efficiency of the energy.
M = Mass of sample in kg.
Iy= Intensity of the gamma spectral.

Calculation of Annual gonadal dose equiv-
alent (AGDE): Gonads, bone marrow and
bone surface cells are major organs to which
UNSCEAR has given great importance due to
their sensitivity to radiation. An increase in
(AGED) has been known to affect the bone
marrow, causing destruction of the red blood
cells that are then replaced by white blood
cells. The equivalent annual dose of gonads
(AGED) from Cg,, Crp, and Cg activity con-
centrations of **°Ra, **Th and *’K, respec-
tively, was calculated, then we must calculate
the annual gonadal equivalent dose for Food-
stuff samples as:(Avwiri et al., 2014).

AGDE = (3.09Cg,14.18C1,+0.134Cg)x 102
(2)
Where:

Cra, Ctn, and Ck are the activity concentration
of #°Ra, ***Th and K in (Bg/Kg) (El-Taher
& Makhluf, 2010; Vahid, 2013).

RESULTS

Table (2). The activity concentration in (Bq/Kg) o
Ra, **Th, ***U, and *)K for the samples.

226
f

Sample  Ra 2227 238y 0
S1 44.84 45.32 89.59 480.92
S2 19.14 59.64 61.41 446.72
S3 26.83 39 25.42 216.87

S4 78.87 62.13 75.86 278.95
S5 27.88 33.52 24.86 139.22
S6 49.49 32.84 41.36 101.83
S7 56.2 116.07 46.02 248.22
S8 45.87 31.09 45.58 115.37
S9 99.79 124.93 103.01 124.85

S10 77.35 62.87 79.86 137.8
P.L 50 15 20 420

The Activity concentrations of the studied
foodstuff samples are lower than the permis-
sible level for radium (50) Bg/Kg
(UNSCEAR, 2010), except for samples No.
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(S4, S7, S9, and S10) as shown in Fig. (1).
The Activity concentrations are higher than
the permissible level for thorium (15) Bq/Kg
(UNSCEAR, 2010), for all samples as shown
in Fig.(2). The Activity concentrations are
higher than the permissible level for uranium
(20) Bg/Kg (UNSCEAR, 2010), for all sam-
ples as shown in Fig.(3), and the activity con-
centrations are lower than the permissible
level (420) Bg/Kg for potassium (UNSCEAR,
2010), except samples No (S1 and S2) as
shown in Fig.(4 ).

150 —
100 -
50 -
0 .
S1 52 S3 S4 S5 S6 S7 S8 S9S10P.L
Samples No

Figure: (1). The activity concentration of **Ra in
samples.

150 -
100 -
50 -
0 T T T T T T T T T T 1
S1 52 S3 5S4 S5 S6 57 S8 S9 S10P.L
Samples No

Figure: (2). The activity concentration of ***Th in
samples

150
100
50

0 T T T T T T T T T T T 1
S1 S2 S3 S4 S5 S6 S7 S8 S9 S10P.L

Samples No

600 -
400 -
200 -
0 -
S1 52 S3 54 S5 S6 S7 S8 S9 S10P.L
Samples No

Figure: (4). The activity concentration of *’K in sam-
ples

Table: (3).The values of the annual gonadal dose
equivalent (AGDE) in (mSv/y)

Samples No AGDE ( mSv/y)
S1 0.39
S2 0.37
S3 0.27
S4 0.54
S5 0.24
S6 0.3
S7 0.69
S8 0.29
S9 0.85

S10 0.52
P.L 0.3

The Annual gonadal dose equivalent (AGDE)
values ranged from (0.24 to 0.85) mSv/y. The
annual gonadal dose equivalent values are
higher than the permissible level (0.3mSv/y)
(UNSCEAR, 2010), expect samples No (S3,
S5, S8), as shown in Fig. (5).

AGDE

0.9 -
08
0.7 |
0.6 |

w 05

g 04 |
03
02
01

§1 S2 S3 s4 S5 S6 S7 S8 S9 S10 PL

Samples No

Figure: (5). The values of the annual gonadal dose
equivalent (AGDE) in (mSv/y).
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CONCLUSION

For ten different foodstuff samples, the activi-
ty concentration of radionuclides 226Ra, 232Th,
2%y, and *K and their radiological hazards
were measured using a gamma-ray spec-
trometry system consisting of a Nal (Tl) de-
tector.

In this investigation, The activity concentra-
tions of the studied foodstuff samples are
lower than the permissible level for radium
except for samples No (S4, S7, S9, and S10),
The Activity concentrations are higher than
the permissible level for thorium for all sam-
ples, The Activity concentrations are higher
than the permissible level for uranium for all
samples and The Activity concentrations are
lower than the permissible level for potassi-
um, except samples (S1 and S2).

The values of annual gonadal dose equivalent
are higher than the permissible level
(0.3mSv/y) (UNSCEAR, 2010), expect sam-
ples No (S3, S5, S8).

Through this research, we found that the saf-
est and most recommended food for animals
is sample No.5 Wheat bran, local industry
[production of flour mills].
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?_II}T,}CI;{% Abstract: In this paper, we may obtain diagram groups for any given graphical
STO presentation. These groups can be viewed as the fundamental group of squire
Received: complexes. Let *S=<a;,a, as aza; = a;1<i<j<4> be a semigroup

5 January 2023 presentation. The problems are divided into several cases according to the length of
words, with all vertices in *K; being words of the length i. The main aim of this

Accepted: article is to construct the connected square complex graph *K; of a diagram group

7 June 2023 from semigroup presentation *S. Then we will prove 4Ki+1 is the covering squire
complexes for *K; for all i € N. Then the covering space is identified for all

Keywords: connected square complex graphs by picking normal subgroups from the diagram

Diagram  groups, group that was previously obtained from the semigroup presentation. This research

Semigroup introduces how to associate H with the covering space 4KHi, how to determine the

presentation, generators for covering space 4KHi, and what 4KHi looks like.

Generators,
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1997; Guba & Sapir, 2006a, 2006b; Guba,

INTRODUCTION 2002; Guba & Sapir, 1999; Guba & Sapir,

2002) presented an equivalent complex to

The first definition of diagram groups was K(S) and also referred to it as the Squire
introduced by (Meakin & Sapir, 1993); complex. Monoid pictures were studied by
however, their student, (Kilibarda, 1994, (Pride, 1991, 1993, 1995), whereas the notion
1997), had worked out the first result on a of the pictures was attributed to (Guba, 2002).
diagram group. Her work proved that every Guba used transistors with top label and
equivalence class of semigroup diagrams bottom label and straight vertical wires, while
containg a unique diagram without dipoles. Pride used a circle with two distinguished
Such diagrams are called ‘reduced’. Further base points (Pride, 1993) or one distinguished
results about diagram groups were discussed base point (Pride, 1991) and arbitrary curves,
in the published work of (Guba & Sapir, respectively. (Nieveen & Smith, 2006)
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discussed the ‘covering spaces’ and
subgroups of free groups. (Gheisari &
Ahmad, 2010a, 2010b) managed to obtain the
generators and the spanning tree in graphs
from diagram groups over semigroup
presentation using the lifting method.

Diagram groups are one form of geometrical
objects called "semigroup diagrams". Each
diagram group is determined by an alphabet
X, containing all possible labels of edges,
a set of relations r={U;=V;, i=12,..},
containing all possible labels of cells, and a
word W over X- the label of the top and
bottom paths of diagrams. Diagrams can be
considered 2-dimensional words, and diagram
groups can be considered a square
dimensional analogue of a free group.

If a group is representable by diagrams (that
is, it is a subgroup of a diagram group), then
one can use the geometry of planar graphs to
deduce certain properties of the group. (Guba
& Sapir, 1997) viewed diagrams as 2-
dimensional words; they developed a calculus
called combinatorics on diagrams. The
geometry of diagrams allows one to consider
many homomorphismk from diagram groups
into the group of piecewise linear
homeomorphisms of the real line. Thus, a
connection between groups is represented by
diagrams, and groups are represented by
piecewise linear functions. This connection
can be used in both directions.

Let S =< X:r > be a semigroup presentation.
Then the diagram group D(S,W) can be
obtained, where W is a positive word on X, as
given by (Guba & Sapir, 1997). The square
complex, associated with  semigroup
presentation S, is denoted by K(S) with a
binary operation, [a]. [B] = [aB], and forms a
group named the ‘fundamental group’ with
the basepoint W, denoted by m; (K(S), W),
where a, 3 are two closed paths. (Kilibarda,
1994, 1997) proved that every diagram group
over semigroup presentation S is isomorphic
to the fundamental group of 2-complex
associated with this presentation. It will be

demonstrated in this article that the square
complex K obtained from S is actually a union
of K;, where K; contains all vertices of length
i.

As with square complexes, it is possible to
obtain all connected square complex graphs
*K; for all i € N from semigroup presentation
'S =< a;,ayas,a,:3; = a;1<i<j<4>,
depending on the length of the words. Then
the projection mapping between ‘K; and
*K;,1 can be obtained. It is important to note
that any square complex will contain vertices,
edges, and 2-cells. A square complex without
2-cells is simply a graph. From those
semigroup presentations the covering space
for all connected square complex graphs *K;,
i €N can be determined by picking groups
from the resulting diagram group.

As with a group, it is sufficient to determine
the group’s generators. These generators can
be obtained from the square complex by
identifying the maximal subtree T. Fix a
vertex v, where v belongs to square complex
graph *K;, i €N, and let e be an edge such
that e ¢ T, then Yi(e)e(Y‘l:(e))_l is the
generator, where Yj), Yr(eyare paths in the
maximal subtree T from v € 4Ki, i €N, to the
initial and terminal of e, respectively.

PRELIMINARIES

In this section, we introduce some concepts,
terminologies, and theorems, such as
semigroup presentation, graphs, and square
complexes that are necessary to highlights.

Definition 1: Let X be the set of alphabets. A
semigroup presentation S is a pair < X:r >,
where r € X X X. An element x € X is called a
‘generating symbol’; while an element
(U,V) €ris called a ‘defining relation’, and
is usually written as U = V. The semigroup

defined by a presentation is X+/ ~, Where = is
the smallest congruence on X* containing r.
More generally, a semigroup S is said to be
defined by the presentation <X:r> if

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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S= X+/ ~. Thus, elements of S are in one-one
correspondence with congruence classes of
words from Xt representing elements of S.
For the sake of simplicity, it will be always
assumed that the set of relations r in every
semigroup presentation S =< X:r > satisfies
the following condition: if (U,V) €r, then
(V,U) ¢r.

Definition 2: A graph I consists of five pairs
(E,V,i,t,—1) where V and E are two
disjoint finite sets. Set V is known as the set
of vertices; while E as the set of edges.
Symbols i,Tt,—1 are functions:

i: E—>V, TtwE—-V , -1:E—>V
such that:
ile)=t(e ™) ,1(e) =i(e™) ,exel Ve

€ E.
If e is an edge, then i(e) is called the ‘initial
vertex’ of e, and T(e) is called the ‘terminal
vertex’ of e.

Definition 3: A graph I is connected if and
only if V(vy,v,) €V, then there exists a
path vy, such that i(y) = vyand t(y) = v,.
That means a graph I is said to be connected
if any two vertices can be joined by a path.

Theorem 1 (Cohen, 1989; Rotman, 1995;
Serre & Serre, 1980) : Let K be a connected
2-complex and fix a vertex v. The algebraic
system

T (K v) = {[a] : i(a) = t(a) = v}

with binary operation [a] - [B] = [af}] forms a
group named the first fundamental group of K
with base point v. The identity is [1,], while
the inverse [a]™! = [a71].

Definition 4: A tree T in I' is a connected
graph without a cycle (loop). If a tree T
contains all vertices of graph I', then T is
called a maximal subtree or spanning tree.
Geodesic in a tree is a path without
backtracking, that is if y and A belong to I'
are two paths such that i(y) =i(A)and
T(y) = t(A), theny = A..

Definition 5: A square complex K is a pair
< IR >, where I' is a graph and ‘R is a set of
cyclically reduced closed paths in I'. Set I' is
called the skeleton of T and denoted by K™,
also the elements of r are called defining
paths. This square complex is finite if T is
finite, and it is connected if T is connected.

Definition 6: Let K' =<T":R' > and
K =<T:R > be square complex graphs. A
mapping P : K’ — K is a mapping of square
complexes graph from I’ to I, such that
Y(p) €T foreach p eT.

Definition 7: Let Y :K =<T":R' > -
K=<T:R> be a mapping of square
complexes. Then, { is said to be locally
bijective if:

1. It is locally bijective of graphs.

ii. [ consists of all the lifts of elements of R.
(Note, in particular, that all lifts of elements
of R must be closed).

Theorem 2 (Rotman, 2002; Rotman, 1995):
Let Y :K' — K be a mapping of square
complexes graphs. If v is a vertex of K such
that Y (¥) = v, then ¥ is said to lie over v. Let
a be a path in K with i(a) = v and suppose ¥
lies over v. A path @ in K’ is said to be a lift
of aat ¥V if Y(@) = a.

Theorem 3 (Rotman, 2002; Rotman, 1995):

Let ¢y :K' — K be a mapping of square

complexes graphs. Then the following are

equivalent:

1. The map Y is locally injective.

ii.  Foreach path o in K, if ¥ lies over i(a)
, then o has at most one lift at ¥.

Theorem 4 (Rotman, 2002; Rotman, 1995):
Let ¢:K' = K be a mapping of square
complexes graphs. Then the following are
equivalent:
i.  The map Y is locally surjective.
ii.  For each path o in K, if ¥ lies over
i(a), then o has at least one lift at V.

Definition 8: If y: K' > K is a locally
bijective map, then K’ is called a covering

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.



Al-Mukhtar Journal of Sciences 38 (2): 140-149, 2023

complex (covering space) of K. The mapping
Y is called the covering map (covering
projection).

Definition 9: Let S =< X:r > be a semigroup
presentation and U is a word on X, then
i.  If U= a then, €(a) denotes the plane gph
consisting of one edge with the initial
(terminal) vertex coinciding with the
initial (terminal) vertex of the edge, as
shown in Figure 1.

Figure (1). Graph £(a)

ii. If U=ajay..a,, then &(U) =¢e(a;) +
e(ay) + -+ ¢€(a,) is called the trivial
(U,U) —diagram, and the plane graph as
in Figure 2.

¢ & o - ——0

Figure (2). Trivial (U, U) —diagram

iii. If U=1 the empty diagram is denoted
e(1).

Definition 10: Let U and V be positive
words. Let us take the graphs €(U) and €(V)

such that i(a(U)) =i(e(V)) and r(a(U)) =
t(e(V)) and satisfy the following condition:

v

Figure (3). Elementary (U,V)-diagram

Definition 11: Let M = N be a relation and
let (UUM - N,V) be an edge of I (ie.
rewriting system). Then, the graph e(U) +
Ypmn +&(V) is called the atomic diagram,
corresponding to an edge given by Figure 4.

M
u 14
i ———4 T
\\
N

Figure (4). Atomic diagram

Definition 12: Any plane graph which is
either equal to €(U) for some word U or is a
concatenation of atomic diagram is called a
semigroup diagram. If the label of the top
path of a diagram is U and the label of the
bottom path is V, then the diagram is called
(U,V) —diagram.

Definition 13:(Rotman, 2002; Rotman, 1995) Let
Q:K' - K be a mapping of graphs and
v’ € V'. Consider star(v'), suppose that we
break up star(v') to two component where
star (V') = v

star (v') = star(v*) U star(¥)
such that

star (v*) = {e € star (v') : Q(e) # 1,}
and
star (V) = {e € star (v') : Q(e) = 1, }.
So, we define here () is a locally injective on
star(v') if it is an injective on star (v*). Note
that if star(v') =@ and Q is a locally
injective, then clearly (1 is injective.

Definition 14: Let Q : K' —» K be a mapping of
square complexes graphs. If ¥V is a vertex in
K’, then there is induced monomorphism

Q (K, v') - my (K, Q(v’))
defined by Q*[a'] = [Q(a’)]. The mapping
Q*is an injective if Q is a locally bijective.
ImQp =H

Let H be a subgroup of m;(K(S),W) fix a
vertex O in the connected square complex

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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graph. Now, the covering space 4I(Hi will be
constructed and then to obtain the covering
map Qy: 4I(Hi — *K; in a similar way. Let v
be a vertex of *K; and consider the collection
of paths

P, = {[a]:i(a) = O, () = v}.

3 Constructions Of The General Square
Complex Of Diagram Group

In this section we obtain the general method
to determine the connected square complex of
the diagram group over semigroup
presentation 'S =< a,,a,,a3,a,:2; = a; 1 <
i <j<4>. Note that the connected square
complex graph from S is collections of
subgraphs. The square complex graph
*K;,1 € N obtained from *S is a union of *K;
connecting all vertices of length i and
respective edges.

For example, in Figure 5, the connected
square complex graph K, obtained from
graphical presentation with four generators as
in Figure 5.

ay

€agay = (l.ay=ay1) .»/t"\ea' az = (., ag1)

Figure (5). The connected 2-complex graph 4K 1

while K, is

al2a,

2 ~~ 2
e - ik, O3

'(I a
2 2 7 23
a; &2 - ’ ¥

>
asa;
€a3.a.a, = (A3:03 a3, 1)

et
az

Figure (6). The connected 2-complex graph ‘K,

Note that ‘K,is four copies of ‘K; and
each vertex in each copy are joined
together respectively. Likewise with four
copies of ‘K,, the square complex graph
*K; may be obtained by repeating similar
procedures with the result *K, and so on.
From those diagrams we can conclude
some properties.

LEMMA 3.1 Let 'S =< aq,d3,a3,34:3; =
a;1<i<j<4> be a graphical
presentation. A connected square complex
graph *K,, contains 4 vertices.

PROOF: By induction, for n = 1 the number
of all vertices in *K; is 4. Assume the number
of all vertices in *K is 4X where n = k. Now
we will prove that the number of all vertices
in *Ky,, is 4571, By the definition of *Ky,, is
four copies of *Kj and assumption, then the

number of all vertices in *Kj,q is 44K =
4k+1'

LEMMA 3.2

Let 'S=<ay,a,asa,:a; = 3;;1<i<
j<4> be a graphical presentation. A
connected square complex graph ‘K, ., is
four copies of *K,. Thus, if there is e,
edges in *K,, then the number of edges in
*Kps1is 4e, plus all edges between
squares in ‘K,,;, which is ey,q =
4e,+4".

LEMMA 3.3 Vertices U and V are connected
if and only if L(U) = L(V).

LEMMA 34 If L(U) = L(V) then
1, (K'(S), U) = m, (K'(S), V)

LEMMA 3.5 Vertices of 4Kn are all words
of length n.

The following theorem addresses the issue of
covering graph.

MAIN THEOREM 1: A connected square
complex graph *K;4is the covering space for
*K; foralli € N.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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PROOF: Our claim is to prove *Kip1is
the covering space of *K;, for all i € N.
We will confirm by induction.

fori = 1. The aim is to confirm that 4K2 is the
covering graph for *Kj.

It is noticed that the square complex graphs
K, and *K, are connected since that for any
two vertices taken in these square complex
graphs, there will be a path connecting them.
So, let p : *K, = *K; defined by:

p(a%) = p(aza;) = p(azay) = p(aza;) =
o(araz) = p(a2) = pasay) = p(agay) =
o(aras) = plazas) = p(a3) = plagay) =
a;’(’ala4) = p(azay) = p(azay) = p(ai) =
dy,

€,.2 €.2 €,.2

p(eaﬁ alaz) p(ea1 azal) p(ea1 a3a1) =
p(ea1 a4a1) - eal,aza
p(ealaz,a1a3) = p(eaﬁ,a2a3) = p(ea3a2,a§) =

p(ea4a2,a4a3) = €a,,a3>

p(eala3,ala4 = p(eaza3.aza4) =

p(ea3 a3a4) = p( a4a3 a4) = ea3,514’

p(eala4 31) p(ea2a4 azal) = p(ea3a4,a3a1)

= p(ea4 a4al) = ea4 a;

1a, p(ea1 a3a1) =1, p(ea1 a3al)
=1, p(eaﬁ,aé;al) =1,

p(ea1 ala3) =1a,

p(ea1 azal) =

In order to prove that *K;;, is the covering
graph of *K;, it must be proved that p is a
locally bijective for all vertices. It is found
that

Pstar(a?): {eal ajay’ €a? a a5’ €a2,a 0,2 €a2 a,a,2 €a2 a3a, CaZaga, } - {ea1.az’ 131' 131’ 1a1’ 131' 131}

pstar(alaz)- {ea132,a133' ealaz,a1a4; ealaz,az' e31312':'51332' ealaz,a432; e3132'a4a132} -

{eaz,ay 13132' 13132' 13132’ 13132’ 13132}

It can be seen that in this case p is not a
locally bijective. This part gets even more
complicated. So, p is redefined to prove it is a
locally bijective. Indeed, there are two cases
to define the above p; the first case is
p(eWa,Wb) = e,p, while the second case is

p(eaw‘bw) = 1w, and hence can be ignored
(refer to Definition 13).

pstar(al) {eal ajap } - {eal,az}

Pstar(ajaz)* {ealaz,ala3} - {eaz,a3}

So, when p is a locally injective and locally
surjective, consequently p is a locally
bijective. Therefore ‘K, is the covering
complex for *K,. This finding, in turn, bears
evidence that the previous theorem (i.e., *K;, 4
is the covering graph of *K; for i € N) is
true.

For i = k— 1, assume ‘K is the covering
space for K1

Now for i = k, the aim here is to confirm that
*Ki41 is the covering complex for *Ky. It is
noticed that the square complex graphs ‘Kj
and ‘Ky,, are connected, since that for any
two vertices taken in these square complex
graphs, there will be a path connecting them.
So it remains here to prove that *Ky,, is the
covering complex for *Ky. To attest that, let
p *Kyyq = Ky defined by p(Wa) = a, where
W is a word on {a;,a,,az, x4} of length k,

a'b € {aliaZJ 33'34}' p(eWa,Wb) = ea,bi and
p(eaW,bW) = €3b-

To prove p is a locally bijective, it must be
proved that p is locally bijective for all
vertices. Here, the same procedure taken
previously for i =1 will be repeated. So,
Pykis * Star (ak*') - star (a¥),i=

{1,2,3,4} is a locally injective and locally
surjective; thus, p is a locally bijective. This
finding, in turn, bears evidence that the

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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previous theorem (i.e. *Ky,, is the covering
complex for *K) is true.

The following theorem highlights the

technique of creating normal subgroup of one

generator and discusses how to cover
4

complex Ky, for the connected square

complex ‘K.

MAIN THEOREM 2: Consider a connected
square complex graph %K, as shown in Figure
1, such that G = m;(*K;,a;) contains vy,
where y; =< €, a,€a,,a,€a5,,8a,a, > If Hp
is the smallest normal subgroup of G
containing < y? >, then the covering space
Ky | 1s an octagonal shape.

PROOF: Use the notion of H(By) =
H(B,) < [B.B, '] € H. From ‘K,
1, (*K;) can be obtained. Fix a vertex a; in
*K,. Now, for any normal subgroup of
m,(*Ky,a,), there exists a unique covering
space. Start by choosing basic H[a] where a
is a path such that i(a) = a;,t(a) =v for
every vertex v in ‘Kj. As a result, these basic
H[1], H[eal‘az], and H[eal,azeaz‘as] will be
selected, and then all possible edges can be
determined, as shown in Table 1.

Table (1). Edges from H[1] in 41(1.[1

Edges Initial Terminal
(H[l]' ea1,az) H[l] H[eauaz]
(H[1], &5, a,) H[1] Hlea,q,]

Since pH[H[l]] =a; and star(a;) =2,
then star(H[1]) = 2. Consider a vertex
a,; the vertex in 4KH1is H[1], and H[1] in
4KH1 maps to a;. From a; = a, in 4K1, the
vertex in 4KHzlis H[eal,az], and the edge is
(H[l] ,eal,az). H[eal,az] in 4KH1maps to a, in
*K4, as shown in Figure 7.

Hley: aies aies aibeinBaiaitaiaga.]

J = H[é’r n]

/’

H[1]

Px

Figure (7). Mapping from Ky , to K,

From a; toa,toas, the vertex in 4KH1
is H[eabazeaz&] and the edge is
(H[eal‘az] ,eal,azeaz,%). The vertex in
4KH1maps to a; in °‘K;. Now from
a; toa, toaztoa,, the vertex in 4KHzlis
Hlea, a,€a,a:€a;2,] and the edge is
(H[eapaz ea2,"313] ’ ea1'az eaz,a3 ea3'a4)' The
vertex in "Ky, maps to a, in *K,. Again from
a; to a, to as to a, to a; in 'K, the vertex in
4 .

Ky, is H[eal,azeaz,a3ea3,a4] and the edge
is

(H [eal,az eaz,a3 ea3,a4] ) eal,az eaz,a3 ea3,a4ea4,a1)'
This vertex in 4KH ,maps to a; in 4K1. Since
H; is the smallest normal subgroup of G
containing

< y? >, a duplicate is needed to get all the
vertices. So, the right cosets are as the
following:

e HJ[1]

° ea1,az]

° ea1,:':12 az,az

e?111,512 az,az ea3,514 ea4'a1]

LI I = T

H|

[

[eal,az eaz,a3 ea3,a4]

|

[ea1 dp ea2 asz ea3 dg ea4 aq eal,az]

H [eabaz eaz,a3 ea3,a4 ea4'a1 ea1,"312 eaz,a3 e33,:':14]

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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The edges are:
] ea1 az)
(H e@11 az] ea1'azeaz,33)

[1
[
[eabaz €a,, 33] €a1,a,€az,a; ea3,a4)
[
[

e o o o o o
—~
II

(H [1]’ eaz,a3 ea3,a4 ea4,a1 eal,az eaz,a3 )'

(H ea1,az eaz,a3 e?113,514] e511'512 eaz,a3 ea3'514 ea4,a1)

(H ea1,"312 eaz az ea3,:':14 ea4'a1 ea1,32 ea2"'313 633,34634'31631,32)
(H [eabaz eaz,a3 ea3,514 ea4'a1 e?111,512 ] 4 e511'512 eaz,a3 ea3'a4 ea4,a1 e511'512 eaz,a3 )

(H [eapaz ea2"'313 e33,34ea4'a1ea1,32 ea2"'313]' ea1,32 ea2,:':13 ea3'a4ea4,a1 ea1'az ea2,"313 ea3'a4)

So, Ky , will look like the depicted form in Figure 8, where

i el = eaz,ag
® €2 = €5,a;€;a,

[ ] =
€3 €a,,a;€a3,2,€a,,2;

[ ]
D

N
I

= €a,,a3%a3,2,€a,,2, a2,

[ J
)
ul
I

= €a,,a3€a3,a,€a4,2,€a;,2,€az,a3

[ ] =
€6 €a,,a3€a3,a,€a,,a, €a;,a,€a;,a3€a3,a,-

Now let  pf: “Ky, o'K; defined by
pi(H[1D) = a;, pu(H[eap]) =

a, b) pH(H[
viewed as locally bijective, so the covering

a],ea,b) = e,p. This map can be

complex Ky  Will be an octagonal shape.
Since a; is a vertex of the connected square
complex *K; and H[1] lies over a;, then
PH: T (4KH1: H[1]) - m (4K1: a) is
injective. Upon that, it is found that
P 1'[1(4KH1,H[1]) - Impy=H As a
result, H = ;(*Ky H[1]) can be viably
considered as a subgroup of G = 1, (‘Ky,a,).
Now, we determine the generators for the
fundamental group m; (‘Ky H[1]) by using

maximal subtree technique, choose a maximal

So
T(Ky,,) = (H[1]

subtree T(4KH1) for 4KHland suppose that
T(4KH1) starts from H[1].

H[eﬂl.ﬂ_’:] H[eaL,agel]

H[]-] H[eal,RQEZ]

i H[eaha:eg]
.
Vi

/

’H[enl,ageﬂx]

H[eﬂl’azeﬁ] N

H[enl,ages] ‘

Figure (8). Covering complex *Ky )

Y eal,az)(H[eal,az] Y eal,az eaz,a3)(H [eal,az eaz,a3]: eal,az eaz,a3 ea3,a4)

(H [eal,az €aya; e?113,514] ’ eal,az €aya3€az,a,Ca,a; ) (H [eal,az €aya3€aza,

ea4,a1]l ea1,32 eaz,a3 ea3,a4 ea4,a1 eal,az ) (H [

1],eal,azeaz,%ea3,a4ea4,a1eal’azeaz,as). Hence, the edge

(H[1] ,eal,azeaz,%ea3,a4ea4,aleal’azea2,asea3,a4) ¢ T(4KH1). Consequently, T(4KH1) will look like

the depicted form in Figure 9.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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H[eal,a;]

H[eal.ﬂ: l‘J.]
HI1] [eqy,a,7-]
H[inla:l’é] H[enl,a:z'g]
H[enl.agl‘s H[eal,nglk]

Figure (9). Maximal subtree T(*Ky )

CONCLUSION

The paper introduced how to construct the
connected 2-complex graph ‘K;,i € N of a
diagram group from semigroup presentations
'S =< a;,a,,a3,a4:2; = a;l<i<j<4>.
The paper also showed that the square
complex graphs were connected according to
the length of words, and it proved that the
connected square complex graph K, is the
covering graph for *K;, for all i € N. The
article discussed how to determine the
covering space 4KHi for all connected square
complex graph K, i €N by selecting normal
subgroups from the diagram group. This
paper also presented some diagrams.

REFERENCES

Cohen, D. E. (1989). Combinatorial group
theory. a topological approach. CUP
Archive.

Gheisari, Y., & Ahmad, A. G. (2010a). The
class of isomorphic diagram groups

over semigroup presentations.
International Journal of
Contemporary Mathematical

Sciences, 5,2311-2318.

Gheisari, Y., & Ahmad, A. G. (2010b).
Component of graphs from diagram
groups over the union of two
semigroup presentation with three
different initial generators by adding

new relation. Journal of International
Mathematical Forum,

Guba, V., & Sapir, M. (1997). Diagram
groups  (Vol.  620). American
Mathematical Soc.

Guba, V., & Sapir, M. (2006a). Diagram
groups and directed 2-complexes:
homotopy and homology. Journal of
Pure and Applied Algebra, 205(1), 1-
47.

Guba, V., & Sapir, M. (2006b). Diagram
groups are totally orderable. Journal
of Pure and Applied Algebra, 205(1),
48-73.

Guba, V. S. (2002). Some properties of
periodic words. Mathematical Notes,
72,301-307.

Guba, V. S., & Sapir, M. V. (1999). On
subgroups of R. Thompson's group
and other diagram groups. Shornik:
Mathematics, 190(8), 1077.

Guba, V. S., & Sapir, M. V. (2002). Rigidity
properties of  diagram  groups.
International Journal of Algebra and
Computation, 12(01n02), 9-17.

Kilibarda, V. (1994). On the algebra of
semigroup diagrams [PhD thesis, The
University of Nebraska-Lincoln].

Kilibarda, V. (1997). On the algebra of
semigroup diagrams. [International

Journal of Algebra and Computation,
7(03), 313-338.

Meakin, J., & Sapir, M. (1993). Congruences
on free monoids and submonoids of
polycyclic monoids. Journal of the

Australian ~ Mathematical  Society,
54(2), 236-253.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.



Al-Mukhtar Journal of Sciences 38 (2): 140-149, 2023

Nieveen, S., & Smith, A. (2006). Covering
spaces and subgroups of the free
group. Oregon State University,
Corvallis, Oregon.

Pride, S. (1991). Identities among relations of
group presentations, in “Group Theory
from a Geometrical Viewpoint”,
edited by E. Ghys, A. Haefliger and A.
Verjovsky: World Scientific.

Pride, S. (1993). Geometric methods in
combinatorial semigroup theory in
Semigroups, Formal Languages and
Groups, ed. J. Fountain: Kluwer.

Pride, S. (1995). Geometric methods in
combinatorial ~ semigroup  theory.
NATO ASI Series C Mathematical and
Physical  Sciences-Advanced — Study
Institute, 466, 215-232.

Rotman, J. (2002). Advanced Modern
Algebra. New Jersey 07458: Pearson
Education, Inc. Upper Saddle River.

Rotman, J. J. (1995). A4An introduction to
homological  algebra  (Vol. 2).
Springer.

Serre, J.-P., & Serre, J.-P. (1980). SL 2.
Trees, 69-136.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.

149



Al-Mukhtar Journal of Sciences 38 (2): 150-159, 2023
ISSN: online 2617-2186 print 2617-2178
Journal Homepage https://omu.edu.ly/journals/index.php/mjsc/index
Doi: https://doi.org/10.54172/mjsc.v38i2.1204

ISSR Analysis to Detect Genetic Variation Among Some
Lentil Genotypes in Syria Updaies.

Rehab Al-Mousa*, Shahinaz Abbas, Alaa Alshaal, Khouzama Kountar
Department of Biotechnology, General Commission for Scientific Agricultural Research, Damascus, Syria

ARTICLE
HISTORY

Received:
01 January 2023

Accepted:
04 May 2023

Abstract: Lentil (Lens culinaris Medik) plays a significant role in human and animal
nutrition. It is important to generate baseline information on genetic diversity of local
and introduced lentil in Syria. Therefore, this study aimed to assess diversity and
relationship among two local varieties and 35 introduced lentil lines from ICARDA
using 20 Inter Simple Sequence Repeats (ISSR) primers.18 primers were able to amplify
DNA bands with a total of 184 bands. Primers ISSR5, ISSR11, ISSR13, ISSR15 and
ISSR16 presented 100% polymorphism percentage. The mean value of polymorphism
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Genetic
relationship,
ICARDA
lines, ISSR
analysis,
Lentil, local
varieties.

percentage was 87.31%. ISSR primers could identify 19 unique bands in all genotypes,
12 of them were positive bands (present) and 7 were negative bands (absent). Primer
ISSR11 was able to detect 3 positive unique bands in genotype Ln20. The UPGMA
(unweighted pair group method with arithmetical averages) clustering based on ISSR
data grouped 37 lentil genotypes into 6 clusters. The lowest genetic distance (0.20) was
observed between (Lnl5 and Ln16, Ln21 and Ln22, Ln27 and Ln28) which proves that
they are closely related. While Ln24 presented the highest genetic distance (0.49) with
both Ln18 and Idleb3 which refers to their genetic divergence.

Wse o uand) ph G Sl bl o RSl (ISSR) Aasead) Agtafall dnglial) sl Jlad ) adic)

: dalidall alal)
Gl ol a2l
S Qs cdas
PN FQ [ WP v
JISSR dday )
LS e Y

52008 oLty agal) (e - lsanlly oY) 4335 3 Laga 15 (Lems culinaris) gsasd) caaly : palidua)
gsill o ) Al oda cbra Gl Ly 8 330 ddad) eaall ke e sl el by
LS At 1504 20 sl 15K (e Aldre Guaad) e A 35 5 ¢Oulae Gia ¢ ABDally ¢ )l
ISSR11 (ISSRS clialdl bl A4S daja 184 apiai to0ly 18 g Uaias) LA a0 Alayull Ayl
%8731 A< Al Jassie aly Laiy %100 3485 403 3w ISSR16 5 ISSR1S (ISSR13
(Ale) Al 3a 7 5 (335m59) Aumse Aada 12 Lgie by dais 19 5aa o ISSR U clialy e Ui
Sl 8 Lemaan <l Ly ¢(3) Aumsall 32yl a3all G 22 Aol g of ISSRIT tsaldl g s
S ISSR Jilas e sadied) (UPGMA) iall e dms3ll e sanall dayk alasindy .Ln20 )5
Ln22 5 Ln21 <Lnl65Lnl5 Skl ¢ (0.2) s s J8 Laag) Agulal Gilesane 6 )kl ands
JS e (0.49) (s s ST el Ln24 Shl of Laagl et Ly 4 el iy Lea Ln28 5 Ln27

s saclia il ) et Lea Idleb3 5 Lnl8 gblll e

belongs to the family Leguminosae. It is self-

INTRODUCTION pollinated, diploid plant with 2n=2x= 14

Lentil (Lens culinaris Medik) is a leguminous
crop has an important role in human health

and agriculture

chromosomes (Arumuganathan & Earle,
1991). Lentil ranks seventh among grain
legumes and is grown on over 5 million

(Pandey et al., 2018). It hectars in over 44 countries, with annual
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production and productivity of 6.54 million
tons and 13049 kg/ha (FAO., 2021). Canada
is the leadingexporting nation, while India is
the leading lentil consuming and producing
nation (Bedard et al., 2010).

In Syria, the main lentil-production provinces
are: Aleppo, Hasakaeh, Idleb, Hama, Dara'a
and Sweida. In Hasakeh, farmers have been
considering expanding lentil cultivation as it
requires less water than wheat and the
cultivation season is short making it suitable
crop to adopt to climate change. The area
planted to food legumes has decreased since
the onset of the conflict, but remained
relatively stable since then (FAO., 2021).
Production of lentil in Syria reached 200218
tonnes with yield of 17772 kg/ha in a
harvested area amounted about 112657 ha
which ranked the 10" in the world while
Canada ranked the 1% with about 1.7 million
hectare (FAO., 2021).

The world lentil collection is held by
ICARDA which obtained from ICARDA
collection missions, donor institutions and
ICARDA's breeding programs (Coyne &
McGee, 2013). The national program in
different lentil growing region including Syria
are widely using ICARDA enhanced lentil
germplasm.

Knowledge of genetic diversity and
population structure is a crucial step for an
efficient use of available material in plant
breeding and  conservation  programs
(Mbasani-Mansi et al., 2019).Characterization
of genetic resource collections has been
greatly facilitated by the availability of a
number of molecular marker systems.
Different types of molecular markers have
been used to assess the genetic diversity in
crop species, but no single technique is
universally ideal. Therefore, the choice of the
technique depends on the objective of the
study, sensitivity level of the marker system,
financial constraints, skills and facilities
available (Beyene et al., 2005). There are
numerous DNA-based molecular marker

systems suitable for genetic diversity
assessment. Inter simple sequence repeat
(ISSR) marker, in addition to its suitability to
genetic  diversity  study, is  highly
polymorphic, reproducible, cost effective, it
requires no prior information of the sequence
(Bornet et al., 2002).

These facts suggest that ISSR could be an
unbiased tool to evaluate the changes of
diversity in agronomically important crops
(Kolodinska Brantestam et al., 2004). It is
important to generate baseline information on
genetic diversity of Syrian lentils. Therefore,
this study aimed to assess diversity and
relationship among local varieties and
introduced lentil lines from ICARDA using
ISSR markers.

MATERIALS AND METHODS

This study was performed during 2019-2021
at Molecular Genetics Laboratory,
Department of Biotechnology, General
Commission for Scientific = Agricultural
Research, Damascus, Syria.

Plant material: A set of 35 lines of lentil
introduced from ICARDA and 2 local
varieties (Idleb3 and Idleb5) were used in this
study (Table, 1)

DNA extraction: Young leaves were
collected from lentil seedlings and used for
genomic DNA  isolation wusing the
cetytrimethyl ammonium bromide CTAB
method as described by (Lassner et al., 1989).

DNA was quantified using spectrophotometer
by taking absorbance at A260 and A280.

DNA quality was checked by agarose gel
electrophoresis. DNA bands without smears
were considered for PCR amplification.

All genomic DNA samples were uniformed to
a final concentration of 50 ng.ul” and used
for PCR amplification reactions.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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Table (1). Entries information for 35 lentil lines
introduced from ICARDA

11:11(;16 pedigree Source

Lnl ILL7888/ILL5782 BARI/ICARDA
Ln2 LC006600899Z=ILL6002 ICARDA

Ln3 ILL8194xILL8006 ICARDA
Ln4 EP35 ICARDA
Ln5 ILL7012xILL6994 ICARDA
Ln6 ILL5888*ILL6002 ICARDA
Ln7 ILL7616/ILL2501 BARI/ICARDA
Ln8 ILL7012xILL6994 ICARDA
Ln9 ILL6994xILL9932 ICARDA
Ln 10 ILL6994x ILL9932 ICARDA
Ln 1l ILL88527% Subrata ICARDA
Ln 12 ILL6994x1L1L9932 ICARDA
Ln 13 - ICARDA
Ln 14 ILL5888x ILL4605 ICARDA
Ln 15 ILL7537= ILL590 ICARDA
Ln 16 Alemayax ILL8095 ICARDA
Ln 17 ILL6994x ILL5480 ICARDA
Ln 18 ILL6994xILL9932 ICARDA
Ln 19 ILL6994xILL9932 ICARDA
Ln 20 ILL6994x ILL5725 ICARDA
Ln 21 ILL6994xILL9932 ICARDA
Ln22 ILL6994x ILL5725 ICARDA
Ln23 ILL6002x ILL4402 ICARDA
Ln 24 Indian landrance ICARDA
Ln 25 ILL6994x ILL5725 ICARDA
Ln 26 ILL5883x L4147 ICARDA
Ln 27 ILL7723x ILL5883 ICARDA
Ln 28 ILL7616/ILL2501 ICARDA
Ln 29 ILL9848 x ILL8176 ICARDA
Ln 30 Iranian land race(P-604) ICARDA
Ln 31 Alemayax ILL8095 ICARDA
Ln 32 PI1 379371 ICARDA
Ln 33 P 464 ICARDA
Ln 34 LIP97-33Lx ILL8009 ICARDA
Ln 35 1LL6994 x ILL5480 ICARDA

according to the primer (Table, 2), and 1.30
minute at 72 °C for extension, with a final
extension for 10 minutes at 72 °C.

Data analysis: ISSR bands were scored in a
0-1 binary format and analyzed using Total
Lab 1D software. XLSTAT software (Xlstat,
2017) was used to calculate the
Polymorphism Information Content (PIC) for
each primer, and to build of the cluster
dendrogram based on the UPGMA
(unweighted pair group method with
arithmetical averages) algorithm.

Table (2). ISSR primers profile (name, sequence and
annealing temperature (Ta)

DNA amplification and visualization by
ISSR analysis: Molecular polymorphism was
assessed by a set of 20 ISSR primers (table,
2). The total reaction volume of PCR
amplification was 25 ul containing KAPA
Taq ready mix 2X, 20 pM primer and 100 ng
of template DNA.

The amplification reaction was carried out in
thermocycler (Biometramodell T-1
Thermoblock) under the following conditions:
initial denaturation at 95°C for 5 minute; 37
cycles of 1 minute at 94 °C for denaturation, 1
minute for primer annealing at a (Ta)

Primer Primer . Ta
No. Name Primer Sequence (C)
CAC ACA CAC ACA CAC
ISSR1 4 AAC 48
ISSR2 A8302  ACT GAC TGA CTG ACT GAC 44
41 TG
ISSR3 813 CTC TCT CTC TCT CTC TT 50
ISSR4 807 AGA GAG AGA GAG AGA GT 50
GTC
ISSR5 8565 ACCACCACCACCACCACC 64
AC
ISSR6 866 CTCCTCCTCCTCCTCCTC 53
ISSR7 w814 CTC TCT CTC TCT CTC TTG 45
CAC ACA CAC ACA CAC
ISSR8 8 AGA C 48
ISSR9 862 AGCAGCAGCAGCAGCAGC 53
ISSR10 ]137899 CAC ACA CAC ACA GG 46
ISSR11 231 GAG TCT CTCCTCT CTC TCT 5
ISSRI12 8082 CTC TCT CTCGTCT CTC TCT 51
ISSR13 I}%SS CAG CAGCAGCAGCAG 53
ISSR14 17 CAG CAC éié CAC ACA 51
ISSR15 5 CAC ACA CAC ACA CAC AGT 48
ISSR16 830 TGT GTG TGT GTG TGT GG~ 44
ISSR17 811 GAG AGA GAG AGA GAG AC 44
ISSR18 812 GAG AGA GAG AGA GAG AA 48
ISSR19 8564 CACCACCAES%CCACCACC 48
ISSR20 16 CGT CAC ACACACACACAC 49

RESULTS

Twenty ISSR primers were used to access the
genetic diversity among 37 lentil genotypes.
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Out of them, 18 ISSR primers amplified
successfully (Fig, 1). A total of 184 bands
were generated using 18 ISSR primers with
average 10.22 bands/ primer. Out of them,
164 bands were polymorphic with average
9.11 bands/primer, whereas only 20 bands
were monomorphic with average 1.11 bands/
primer. The highest number of amplified
bands (15) was generated with primer
(ISSR18), while the lowest number of
amplified bands (6) was generated with
primers (ISSR9 and ISSR14).

The size of the amplified bands ranged from
114.4bp in ISSR13 to 1783.78 bp in ISSRI.
All bands amplified with primers (ISSRS,
ISSR11, ISSR13, ISSR15 and ISSR16) were
polymorphic (100%), while primer ISSR14
showed the lowest polymorphism percentage
(50%). The mean value of polymorphism
percentage was 87.31%.

PIC values ranged from 0.15 in primer ISSR3
to 0.39 in primer ISSRS with average 0.28
(Table, 3).

The total number of unique bands obtained
from all tested genotypes by 18 ISSR primers
was 19 bands with average 1.06 bands/primer.
Out of them, 12 bands were positive bands
(present) with an average of 0.67 bands
/primer, and 7 bands were negative bands
(absent) with average 0.39 bands/primer. The
highest number of unique bands (3) was
registered with primer ISSR11 which were all
of them positive bands (present), while primer
ISSR1 showed the highest number (2) of
negative bands (absent). Primers (ISSR2,
ISSR6, ISSR13, ISSR14 and ISSR15) did not
show any specific band (Table, 3).

Table (3). Molecular size, number of amplified bands (total, polymorphic, monomorphic), number of unique bands
(total, positive, negative), polymorphism and PIC values generated with ISSR primers in lentil genotypes.

\ISSR primers MW (bp) No. of amplicons Unique bands

T PB MB T + - P% PIC
ISSR1 297.2-1783.78 11 9 2 2 0 2 ) 0.25
ISSR2 267.8-743 7 6 1 0 0 0 86 0.33
ISSR3 244.2-1057.6 9 8 1 2 2 0 89 0.15
ISSR4 175.4-784.2 9 7 2 1 0 1 78 0.24
ISSR5 236.8-770.3 9 9 0 1 0 1 100 0.39
ISSR6 191.8-976.9 11 9 2 0 0 0 ) 0.38
ISSRS 256.5-716 8 7 1 1 0 1 88 0.35
ISSR9 126.7-436.4 6 4 2 1 1 0 67 0.25
ISSR10 289.4-602.5 13 12 1 1 1 0 92 0.26
ISSR11 253.4-765.3 14 14 0 3 3 0 100 0.30
ISSR12 211.9-1200.1 9 8 1 1 1 0 89 0.27
ISSR13 114.4-867.4 13 13 0 0 0 0 100 0.31
ISSR14 311.4-651.9 6 3 3 0 0 0 50 0.23
ISSR15 334.7-875.5 11 11 0 0 0 0 100 0.33
ISSR16 293.8-1302.7 12 12 0 2 1 1 100 0.27
ISSR17 276.9-1133.1 10 9 1 1 0 1 90 0.30
ISSR18 312.6-1151.6 15 14 1 1 1 0 9333  0.24
ISSR20 297.6-849.4 11 9 2 2 2 0 ]2 0.27
SUM 184 164 20 19 12 7
Average 10.22 9.11 1.11 1.06 067 039 87.31 0.28

MW: molecular weight, T: total, PB: polymorphic bands, MB: monomorphic bands, +: positive unique band, -: negative unique band, P%:

polymorphism, PIC: polymorphism information content
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Figure (1). PCR amplification profile of 37 lentil genotypes with ISSR4 marker (M: ladder, lanes 1-35 present lines
introduced from ICARDA Lnl through Ln35, lanes 36-37 present local varieties Idleb3 and Idleb 5).

Out of the 37 tested genotypes, only 12
genotypes (Ln3, Lnl0, Lnl3, Lnl9, Ln20,
Ln21, Ln24, Ln26, Ln32, Ln33, Idleb3,
Idleb5) showed uniquebands either positive or
negative or both. The molecular size of the
positive and negative uniquebands illustrated
in table 4 and 5 respectively.

Table (4). Positive unique bands generated in lentil
genotypes by ISSR primers

Ln22, Ln27 and Ln28) which proves that they
are closely related. While Ln24 presented the
highest genetic distance (0.49) with both
Ln18 and Idleb3 (Table, 5) which refers to
their genetic divergence.

Table (5). Negative unique bands generated in lentil
genotypes by ISSR primers

Genotype Primer molecular size (bp)
Ln3 ISSR9 436.39
Lnl19 ISSR20 849.42
Ln20 ISSR11 906.33
Ln20 ISSR11 822.39
Ln20 ISSR11 765.31
Ln21 ISSR16 1302.68
Ln24 ISSR3 655.39
Ln26 ISSR18 154.03
Ln26 ISSR20 420
Ln32 ISSR10 568.78
Ln33 ISSR12 211.94
Idleb3 ISSR3 244.2

Genotype Primer molecular size (bp)
Ln3 ISSR18 466.2

Lnl0 ISSR1 392.07

Lnl10 ISSR1 297.21

Lnl13 ISSR4 360.15

Ln33 ISSRS 256.53

Idleb3 ISSR17 605.81

Idleb5 ISSR5 374.27

The genetic distance of 37 lentil genotypes
based on ISSR data revealed a wide range of
values. Thelowest genetic distance (0.20) was
observed between (Lnl5 and Lnl6, Ln21 and

TheUPGMA clustering based on ISSR data
grouped 37 lentil genotypes into 2 main
clusters. The first cluster made up of group
C4 which included two genotypes (Ln23 and
Idleb5). The second cluster made up of two
subclusters; the first one included two groups
(C3 and C6) each of them consist only one
genotype (Lnl8 and Idleb3, respectively),
while the second subcluster divided into two
sub sub-clusters; the first sub sub-cluster
included three genotypes in one group C2

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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(Ln6, Ln7 and Ln24) while the second sub
sub-cluster also made up of two sub sub sub-
clusters; the first sub sub sub-cluster
contained group C5(Ln28, Ln29, Ln30, Ln31,
Ln32, Ln33, Ln34), while the second sub sub
sub-cluster included the remaining genotypes
in group C1 (Lnl, Ln2, Ln3, Ln4, LnS5, Ln§,

Ln9, Lnl0, Lnll, Lnl2, Lnl13, Lnl4, Lnl5,
Lnl6, Lnl7, Lnl9, Ln20, Ln21, Ln22, Ln25,
Ln35) (Fig2).
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Figure (2). A dendrogram of 37 lentil genotypoes derived by UPGMA based on data generated using ISSR primers.
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Table (6). Dissimilarity coefficient matrix of lentil genotypes

Lnl Ln2 Ln3 Ln4 Ln5 Ln6 Ln7 Ln8 Ln9 Lnl0 Lnll Lnl2 Lnl3 Lnl4 Lnl5 Lnl6 Lnl7 Lnl8 Ln19 Ln20 Ln21 Ln22 Ln23 Ln24 Ln25 Ln26 Ln27 Ln28 Ln29 Ln30 Ln31 Ln32 Ln33 Ln34 Ln35 Idleb3 Idleb5

Lnl O

Ln2 0.27 0.00

Ln3 0.34 0.28 0.00

Ln4 0.34 0.29 0.27 0.00

Ln5 0.38 0.35 0.34 0.29 0.00

Ln6 0.39 0.34 0.32 0.30 0.40 0.00

Ln7 0.39 0.37 0.33 0.34 0.41 0.26 0.00

Ln8 0.39 0.39 0.39 0.33 0.29 0.29 0.33 0.00

Ln9 0.34 0.31 0.33 0.33 0.36 0.38 0.40 0.34 0.00

Lnl0 0.37 0.38 0.33 0.34 0.35 0.41 0.43 0.35 0.31 0.00

Lnll 0.38 0.38 0.33 0.30 0.34 0.33 0.36 0.35 0.30 0.33 0.00

Lnl2 0.37 0.36 0.28 0.26 0.29 0.28 0.30 0.27 0.27 0.30 0.21 0.00

Ln13 0.350.32 0.32 0.27 0.21 0.38 0.37 0.29 0.30 0.29 0.29 0.23 0.00

Lnl4 0.350.36 0.37 0.35 0.35 0.36 0.38 0.36 0.36 0.38 0.32 0.34 0.29 0.00

Lnl5 0.350.30 0.29 0.26 0.31 0.27 0.30 0.32 0.32 0.33 0.26 0.24 0.26 0.24 0.00

Lnl6 0.31 0.30 0.29 0.26 0.33 0.31 0.28 0.32 0.31 0.33 0.30 0.26 0.28 0.23 0.20 0.00

Lnl7 0.38 0.38 0.34 0.33 0.26 0.36 0.37 0.28 0.39 0.33 0.36 0.31 0.28 0.37 0.30 0.32 0.00

Lnl18 0.39 0.35 0.39 0.36 0.33 0.45 0.44 0.42 0.30 0.35 0.38 0.36 0.31 036 0.40 0.39 0.35 0.00

Ln19 0.38 0.33 0.34 0.29 0.28 0.39 0.40 0.38 0.37 0.36 0.36 0.33 0.28 0.31 0.31 0.34 0.34 0.31 0.00

Ln20 0.41 0.37 0.36 0.34 0.29 0.36 0.39 0.30 0.38 0.39 0.35 0.27 0.27 0.40 0.30 0.36 0.33 0.42 0.37 0.00

Ln21 0.38 0.33 0.33 0.31 0.26 0.36 0.37 0.32 0.33 0.38 0.28 0.29 0.25 036 0.29 035 0.32 0.34 032 0.26 0.00

Ln22 0.37 0.38 0.36 0.36 0.21 0.42 0.40 0.35 0.34 0.31 0.34 0.29 0.21 0.32 0.32 0.33 0.28 0.31 0.29 0.29 0.20 0.00

Ln23 0.40 0.38 0.41 0.35 0.30 0.44 0.44 0.40 0.42 0.37 0.42 0.40 0.30 038 0.35 0.35 037 041 0.39 038 0.29 0.27 0.00

Ln24 0.42 0.41 0.40 0.36 0.42 0.31 0.34 0.35 0.42 0.45 0.33 0.34 0.37 035 0.32 034 039 049 041 0.39 0.34 0.39 0.38 0.00

Ln25 0.39 0.39 0.40 0.34 0.24 0.44 0.44 0.35 0.40 0.37 0.36 0.32 0.25 0.36 0.32 0.36 031 0.33 0.29 0.25 0.28 0.22 0.30 0.43 0.00

Ln26 0.44 0.36 0.38 0.34 0.37 0.36 0.38 0.33 0.34 0.36 0.35 0.30 0.37 0.40 0.31 0.32 0.43 0.40 0.39 036 0.34 036 0.39 0.38 0.39 0.00

Ln27 0.41 0.32 0.34 0.29 0.33 0.35 0.32 0.39 0.37 0.39 0.29 0.32 0.32 036 0.25 032 040 043 036 0.33 033 033 0.37 034 0.34 0.27 0.00

Ln28 0.42 0.37 0.34 0.34 0.37 0.39 0.37 0.39 0.37 0.35 0.34 0.36 0.36 0.32 0.28 0.35 0.41 043 0.36 0.39 0.37 033 040 0.37 0.39 0.30 0.20 0.00

Ln29 0.43 0.42 0.43 0.38 0.41 0.43 0.45 0.44 0.43 0.40 0.40 043 041 037 036 042 0.44 046 0.44 041 042 034 042 040 039 0.39 0.27 0.24 0.00

Ln30 0.34 0.35 0.36 0.35 0.28 0.39 0.38 0.29 0.37 0.36 0.35 0.33 0.31 032 0.31 0.32 037 0.37 036 0.33 031 025 0.30 0.37 0.30 0.32 0.28 0.28 0.33 0.00

Ln31 0.37 0.39 0.41 0.35 0.39 0.35 0.38 0.40 0.43 0.43 0.40 0.41 040 0.33 0.34 0.38 0.42 045 041 040 037 033 0.38 0.35 0.38 0.38 0.33 0.32 0.29 0.24 0.00

Ln32 0.40 0.35 0.41 0.39 0.39 0.33 0.35 0.40 0.43 0.45 0.39 040 041 032 0.32 035 043 047 041 041 038 038 0.38 037 045 036 029 0.36 0.39 033 0.29 0.00

Ln33 0.38 0.36 0.39 0.37 0.40 0.40 0.38 0.43 0.42 0.47 0.41 037 0.39 038 0.34 035 046 0.46 0.44 037 035 040 0.38 0.42 039 038 032 041 042 035 0.37 028 0.00
Ln34 0.39 0.34 0.39 0.33 0.34 0.36 0.34 0.38 0.39 0.38 0.36 0.37 0.34 0.33 0.31 0.34 038 0.36 0.38 0.35 0.35 032 0.35 036 033 0.28 0.25 0.26 0.29 0.26 0.23 0.28 0.28 0.00
Ln35 0.37 0.29 0.30 0.27 0.22 0.35 0.33 0.30 0.34 0.38 0.32 0.28 0.24 0.33 0.28 0.33 035 0.36 0.32 0.27 0.22 025 0.32 0.38 0.25 0.33 0.27 0.30 0.36 0.25 0.33 0.34 0.29 0.26 0.00
Ideb3 0.37 0.37 0.42 0.41 0.32 0.47 0.45 0.43 0.37 0.48 0.42 043 0.35 036 042 045 045 036 036 042 035 032 042 049 034 044 041 041 042 035 0.39 042 038 0.36 0.25 0.00
Ideb5 0.48 0.42 0.45 0.42 0.42 0.48 0.45 0.44 0.47 0.47 0.41 0.41 0.41 045 044 0.46 0.46 048 0.44 041 0.34 0.39 0.36 0.44 0.39 045 041 039 0.43 0.38 0.44 0.46 0.40 0.40 0.32 038 O
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DISCUSSION

Various molecular markers were used in lentil
genetic studies, including RFLP, RAPD, SSR,
ISSR, AFLP, and SRAP. The choice of
molecular marker is a critical step for
geneticists and breeders (Mbasani-Mansi et
al., 2019). ISSR markers are important to
study intraspecific variations in plant species,
as they are effective in detecting very low
levels of genetic variation (Zietkiewicz et al.,
1994).

In the present study, ISSR markers were
successfully applied to evaluate genetic
variation among some lentil lines introduced
from ICARDA and two local varieties. These
results agree with those obtained by (Fikiru et
al., 2007; Toklu et al., 2009) in cultivated
lentil and those obtained by (de la Vega &
Vinagre, 2004) in wild lens.

Primers used in this study produced high
levels of polymorphism with average
(87.31%). In accordance with this result,
(Babayeva et al., 2018) detected a high degree
of polymorphism (84%), while (de la Vega &
Vinagre, 2004) observed higher
polymorphism rate (98.8%) in a set of lentil
material using ISSR markers. Thepresence of
a high percentage of polymorphism in this
study confirms the high discriminative power
of used ISSR markers in the studied lentil
collection.

ISSRS, ISSR11, ISSR13, ISSR15 and ISSR16
with repeats (CT)n, (CCA)n, (CAG)n, (CA)n
and (TG)n, respectively, produced 100%
polymorphism. This result disagreed with
previous investigations in lentil (Joshi et al.,
2013; Seyedimoradi & Talebi, 2014) who
registered  the lowest  polymorphism
percentage (75 and 67%, respectively) using
primers with (CA)n repeats.

In the present study, tested ISSR primers
yielded high number of polymorphic bands
per primer (9.11), which is higher than those
resulted by (Seyedimoradi & Talebi, 2014).

Similarly, (Babayeva et al., 2018) observed
8.9 polymorphic bands/primer using 7 ISSR
primers in 47 lentil genotypes, while (Toklu
et al, 2009), using 10 ISSR primers for
Turkish lentil landraces and cultivars,
observed only 7.5 polymorphic bands per
primer. Discrepancies of polymorphism
indices among studies could be attributed to
the in formativeness level of the selected
primers (Mbasani-Mansi et al., 2019).

Among a set of used ISSR primers,
ISSR11proved to be the most informative
primer based on polymorphism and
identifying unique bands. This primer is
based on (CT)n repeats. In accordance with
this result, (Seyedimoradi & Talebi, 2014)
found that primer UBC815 with (CT)n
repeats produced a high polymorphism
percentage (75%). Primer ISSR11
recommendes to be used for the identification
of lentil genotypes with less time and cost.
ISSR dendrogram was able to distinguish
the37 lentil genotypes into six groups.
Similarly, (Fikiru et al., 2007) analyzed 70
Ethiopean lentil genotypes using ISSR
markers and found five groups. Some
genotypes showed wide divergence (Ln24 and
Lnl18; Ln24 and Idleb3), and their favorable
characters should be taken into consideration
in future breeding programs.

CONCLUSION

In conclusion, large number of genotypes
should be analyzed with more numbers of
primers to distinguish genetic variation in
lentil genotypes, which can be applied in
future breeding program for the improvement
of lentil crop with respect to yield and
different quality traits, to meet the increasing
demand of farmers and consumers.
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HISTORY Abstract: The aim of this study to survey the bees species using nesting traps, deter-
mine the diameter and material of which the nests were made. This study was conducted
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Recently with the management of bumblebee
colonies (Apidae: Bombini), which are com-

INTRODUCTION

Apoidea bees are the most important pollina-
tors (Kevan, 1983), their release into farmland
is the fastest and most effective way to pro-
vide sufficient numbers to meet the pollina-
tion requirements of many crops, and this is
most often achieved with the use of honey
bee hives (Apidae: Apini) (Free, 1993).

mercially available all year round, they have
proven to be invaluable in pollinating plants
in greenhouses (Kevan, 1991; Thorp, 2003).
The study of the biology of nesting has ena-
bled many researchers to explain its mecha-
nisms and clarify its simplicity and its full-
ness for ease and the possibility of developing
it. Alkali bees, (Halictidae: Nomiinae), which

*Corresponding author: Hamida B. Mirwan: H.mirwan@uot.edu.ly, Department of Plant Protection, Faculty of Agriculture, University of Tripoli,

Libya.


https://crossmark.crossref.org/dialog/?doi=10.54172/mjsc.v38i2.1247&amp;domain=pdf&amp;date_stamp=2008-08-14
https://omu.edu.ly/journals/index.php/mjsc/index
https://doi.org/10.54172/mjsc.v38i2.1247
mailto:H.mirwan@uot.edu.ly
https://crossmark.crossref.org/dialog/?doi=10.54172/mjsc.v38i2.1247&amp;domain=pdf&amp;date_stamp=2008-08-14
https://crossmark.crossref.org/dialog/?doi=10.54172/mjsc.v38i2.1247&amp;domain=pdf&amp;date_stamp=2008-08-14

Al-Mukhtar Journal of Sciences 38 (2): 160-172, 2023

have been extensively studied, have been suc-
cessfully developed and commercially pro-
duced for pollinating of some crops, especial-
ly alfalfa (Steffan-Dewenter et al., 2002;
Steffan-Dewenter, 2003; Stephen & Osgood,
1965) reported a method of propagating No-
mia bees by means of artificial beds, Where
he built artificial beds, they all succeeded as
nests for Nomia, but he found that the shallow
beds needed frequent water treatments.
(Stephen & Osgood, 1965) also demonstrated
in another way that a 50 ft by 30 ft which oc-
cupied with a good population of Alkali bees
could be responsible for producing from
50,000 to 80,000 pounds of alfalfa seeds. Fi-
nally, it should be noted that the industrial
bed may serve the pollination of alfalfa for
many years, but it may be lost quickly if the
water overflows or insects are exposed to
predators, diseases, pesticides, or agricultural
operations. Cavity-using bees, particularly of
the Megachilidae family, also showed the
greatest potential for evolution as controllable
pollinators, as they readily accepted artificial
nesting materials, including nesting traps
(Cane et al., 2007).

Nesting traps are a method of collecting sam-
pling for bees that use cavities and tunnels to
make their nests, and they have been used for
many years to study the numbers of Hyme-
noptera used cavities, and to monitor their
diversity and abundance (Buschini, 2006;
Danks, 1971; Frankie et al., 1998; Godfrey &
Hilton, 1983; Krombein, 1967; Steffan-
Dewenter, 2003; Taki et al., 2008) and by
providing them with artificial cavities, such as
holes drilled in wood blocks or cardboard
tubes (Potts et al., 2005).

The nests are gathered and incubated until the
full bees come out, and they are classified ac-
cording to the species. This type of bees has
been propagated on a large scale in western
countries by producers of alfalfa seeds, using
artificial nests. (Bohart, 1962; Stephen, 1961)
tested crumpled paper, brewed straw, and per-
forated wood as artificial insect nests they
called Domiciles. The crumpled paper was

prepared either by rolling it in the form of a
cylinder with a diameter of 15 cm, which
would be sufficient for 600 nests, or by cut-
ting it into flat pieces that were placed on top
of each other and separated each one, and
when using paper tubes (drinking straws) they
were dipping it in a thin layer of wax at the
bottom of a tin can, then placed on the carton
and protected from heat and rain with covers
made of wood or glass straw, the diameter of
the used tubes were 4,5,6 mm and a length of
about 9 cm. (Bohart et al., 1964; Hobbs,
1956) produced semi-circular tunnels made of
wood, these semi-circular grooves can be
glued together to form a complete circular
tunnel, where incomplete phases can be re-
moved and stored.

(Hobbs, 1967) made improvements to these
nesting material using Polysterene, instead of
wood and reduced its weight to one-tenth.
(Stephen & Every, 1970; Stephen & Osgood,
1965) mentioned that the media were pre-
pared to provide nesting tunnels for females
with inside diameters ranging from 4.0 to 6.0
mm and lengths ranging from 1.25 to 15.0
cm, and were made of paper soda straws,
wood, blown poly-urethane, stacked Mason-
ite, and acoustical tile. Because of commer-
cial limitations of materials, no single medi-
um was provided in which tunnels of all the
diameters and lengths were represented.

(Nardone, 2013), used trap nest (144 trap
nests in total) to study bees’ diversity of Al-
gonquin Provincial Park in Ontario, Canada.
Traps consisted of a two-liter milk and 36
cardboard tubes, acting as cavities, placed
through holes drilled into the polystyrene.
The tubes were 15cm long, and there were
nine each of four different diameters (3, 5, 7,
and 9mm). Trap nests were covered in burlap
for camouflage and tied to trees with clear
fishing line at the edge of the plots, facing the
center of the plot, at about 1-1.5m from the
ground.

Several studies have been conducted in which
nest traps have been used for many years to
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study the population of Hymenoptera, and to
monitor their diversity and abundance (Stef-
fan-Dewenter et al., 2002; Steffan- Dewenter,
2003). However, this study is considered the
first of its kind in which nest traps were used
in Libya by providing artificial cavities, in-
cluding paper and plastic drinking straws.

This study aims at a general survey of bees
species utilizing cavity nesting, and determine
whether leaf-cutter bees are included in them,
and study the effect of the diameter and mate-
rial of which the tubes were made.

MATERIALS AND METHODS

This study was conducted at the Research and
Experimental Stations at the Faculty of Agri-
culture - University of Tripoli, using nesting
traps. These traps were designed according to
the method developed by (Sheffield et al.,
2008), and according to the method of (Taki
et al., 2008) to collect Hymenoptera.

The traps consisted of a one litter milk carton
(measurement 7cm x 7cm for the base and
22cm length) (Fig,la), a piece of Styrofoam
measuring 49cm?and 2.5cm thick (Fig, 1b),
this piece fits with the open top end of the
milk carton. The drinking straws (tubes) were
20 cm long, the diameter paper drinking
straws (tubes) were (5, 8 and 10 mm) while
the plastic drinking straws (tube) were(Smm)
in diameter (Fig, 1c). For each milk carton,
twelve paper and four plastic drinking straws
(tubes), were placed through holes made in
the piece of Styrofoam.

The purpose of the polystyrene is to provide
spacing between the tubes, a lack of which
could be a deterrent for some cavity-nesting
bee species (Bosch & Kemp, 2001). Twenty
five nests were used in this study. These traps
were set up at the Crop Research Station near
the field of alfalfa crop and were mounted on
trees one meter above the ground with clear
fishing line, and laid in April 2018, they were
monitored twice a month and collected in
March 2019. Tubes that were occupied by

insects were collected and stored within a
piece of clear piping (1.5 cm in diameter) for
incubation, and the ends blocked off with fine
aluminum mesh to allow air to enter in, these
aluminum mesh prevent emerged insects from
escaping,the incubated nests were checked
every couple days for emerged insects.

Figure (1).Traps designe,

a) The traps consisted of a one litter milk carton,
b) a piece of Styrofoam and
¢) The drinking straws (tubes).

RESULTS

Nesting Diameter: The drinking straws
(tubes) used in this study were 20 cm long,
and (5, 8 and 10 mm) in diameter for paper
drinking straws (tubes) and (5mm) in diame-
ter for plastic drinking straws (tube). The re-
sults of this study showed that not all nests
were exploited, the percentage of occupied
nests (nests were occupied by insects), as fol-
lows: 60% of the nests made of paper strews
of a diameter of 5 mm, and 5% with a diame-
ter of 8 mm, while those with a diameter of 10
mm were not exploited (zero), however the
nests made of plastic (5 mm), were only 5%
were exploited (Fig, 2).

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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Figure (2).The percentage of occupied nests with dif-
ferent material and diameters, (5, 8 and 10 mm) in di-
ameter for paper drinking straws (tubes) and (Smm) in
diameter for plastic drinking straws (tube).

Bees’ Identification: The rustles of this study
revealed that these nests were exploited by
one species of bee and identified as the alfalfa
leaf-cutter bee which follows (Mega-
chilerotundata, F: Megachilidae - Hymenop-
tera). These rustles agreed with previous stud-
ies, which showed that such nests are of lim-
ited diversity and usually only gather one or
two species (Sheffield et al., 2011; Widhiono
et al., 2017).

Figure (5).Ventral view of alfalfa leaf-cutting bees, a)
female and b) male.

Life cycle: Under natural conditions, adult
insects appear after 3:6 weeks after the alfalfa
flower, usually from May to July, depending
on the region. Females are fertilized while
they are warmed by the sun, often near the
mother's nest. The male can fertilize several
times, but females fertilize only once. As for
the fertilized female, she makes a series of
cells in the tunnels or tubes that she chooses
for the nest. This insect makes the walls and
base of the cells from the leaves that the fe-
male cut, often from alfalfa leaves, where she
sticks them together by salivary secretion.

The insect fills each cell from half to two-
thirds with a mixture of honey and pollen.
When the female returns from foraging, she
enters her head into the tunnel first, then puts
the nectar she collected, then goes to the en-
trance of the tunnel, wraps around it, and en-
ters the tunnel with her back, where she puts
the pollen load. When a sufficient amount of
food is collected in the cell, she lays one egg
on top of it and covers the cell after kneading
it with 3:10 circular pieces of leaves. After
rubbing it, it begins in another cell above it,
and the chain of cells ends slightly below the
entrance to the tunnel, as the end of the tunnel
is closed with about 130 pieces of leaves. Af-
ter that, it begins to build another series of
cells in another tube, if the nectar and pollen
grains are still available in the field. The bee
that grows from the last egg placed in the tun-
nel is the first to exit, while the first egg that
was placed at the base of the tunnel is the last
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to exit as a whole insect. This female produc-
es approximately 35:30 eyes and lives for
about two months, during which she lays 30-
40 eggs. Approximately, two insects out of
every three adults that emerge from the eyes
are males, meaning that the sexual ratio is 2
males: 1 females.

The egg hatches within 2:3 days, where the
caterpillar feeds on the lunch stored in the
eye, and the growth of the caterpillar is com-
pleted after about two weeks. As some indi-
viduals continue to grow and develop and
emerge as full insects, about 23:25 days after
laying eggs. As for some other individuals,
they remain without development, as they re-
main in the form of an incomplete phase until
the following year, and then they complete
their growth and development and emerge as
a complete insect.

Males emerge about 5 days before females.
And when the females come out, they are fer-
tilized immediately. Leaf-cutter bees can be
handled safely, as in the case of the alkaline
bee, since although the female has a stinger,
she rarely stings. Even when used as a stinger,
it causes only slight pain (Hobbs, 1967; Rios-
Velasco et al., 2014) showed that the adult
Megachilid does not leave if the temperature
is below 21°C. It was found that these insects
can remain motionless inside their tunnels for
48 hours at a temperature of 2:4 degrees Cel-
sius.

Gender Emergence: The study results found
that the emergence of occupied nests started
15 days after brining the nest from the field to
the laboratory, where the males began to
emerge during the first two days, while the
females came out after all males exited in one
tube, i.e. over the next five days. Some nests
were fully occupied by 12 cells and all cell
were normal and all adults emerged alive,
while other nests had some dead larvae or pu-
pae stage, whereas, some nests were half oc-
cupied or three of forth occupied (Fig,5).

Nest Dimensions and Sex Ratio: The sex
ratio, males to females, obtained from this
study was 23:1Qin the paper drinking strew
with 8 mm of diameter, while the sex ratio
with diameters of 5 mm was 1J:1Qwhether
the tube used was paper or plastic (Fig, 6).

pieces of cutting leaves were used to built
each larva cell.

Although 5% of paper drinking strews with a
diameter of 8 mm were exploited as the per-
centage of 5 mm of plastic drinking strews,
however, there were difference found be-
tween the leaves cuts to make larvae cells,
were females used paper drinking strews of 8
mm cut more leaves (32-36 piece) than the
one used Smm (24-26 piece) (Fig, 7). Despite
the fact that females that cut more leaves to
built their larvae cells visiting more plants,
they don't invest their time and don't pollinate
more flowers.

Figure (7). Leaves pieces of leaf-cutter bees’cells.
© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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DISCUSSION

Nesting Diameter: The results of this study
showed that the percentage of occupied nests
(nests were nested inside), as follows: 60% of
the nests made of cardboard were with a di-
ameter of 5 mm, and 5% with a diameter of 8
mm, while those with a diameter of 10 mm
were not exploited (zero), as for the nests
made of plastic (5 mm), only 5% were ex-
ploited. It was also found that the old tunnels
are more attractive to bees than the new tun-
nels, as the old ones still have the smell of the
insects that used to occupy them.

The death of larvae that occurs in tunnels with
a diameter of 4 mm were four times more
than what occurred in tunnels with a diameter
of 5.5 mm,in addition, the number of males
that emerge from the tunnels with a diameter
of 4 mm are three times as the number of
females,but in tunnels with a diameter of that
larger(5.5mm), the proportion of males is
equal to that of females (Hobbs, 1967).

Bee samples collected from nests are of low
diversity because they only collect cavities-
nesting bees, although they usually collect
species that have not been captured using oth-
er sampling methods (Westphal et al., 2008)
and thus these traps can give a good estimate
of diversity (Tscharntke et al., 1998).

(Nardone, 2013) mentioned that only 20 of
144 nests contained bees, with most of the
remaining nests containing wasps. These bees
from 5 different species in 3 genera were
found within these nests. One possible reason
for the low capture of the trap nests is that
there may have been an excess of natural cav-
ities in the study sites that bees could use for
nesting. Natural cavity use has been suggested
in a few other studies as a possible explana-
tion for lower bee abundance and richness
collected in trap nests in certain study sites
(Giles & Ascher, 2006; Sheffield et al., 2008)
and in forested habitats (Buschini, 2006).
There were large amounts of deadwood in
some sites that could serve this purpose.

(Nardone, 2013) claimed that bees seemed to
select different tube diameters for their nests
based on genera; all Hylaeus bees were found
collected in the smallest tube diameter (3mm),
all Osmia bees in the second smallest (Smm),
and both Megachilid nests were in second
largest (7mm). All of these species were also
collected using other trapping methods,
though trap nests collected over 50% of the
total individuals of each of these species ex-
cept for O. proxima. In the case of the most
abundant species collected, O. fersula, trap
nests collected over 80% of all individuals.

Gender Emergence: Studies reveal that iden-
tifying male and female offspring in the nest
is strategic and that cell size plays a large role
in the size of the offspring, regardless of the
size of the mother (Krombein, 1967).The in-
nermost cells of each series usually contain
females and the outermost contain males. Fe-
males, which may construct several cell series
during their lifetime, repeat this pattern con-
sistently and are therefore believed capable of
controlling the sex of each egg deposited. It
was observed that mothers lay female eggs in
the inner cells and male eggs in the outer cells
(Bohart et al., 1960; Hobbs, 1956; Hobbs &
Richards, 1976), this is consistent with what
was found in the nests that were used in this
study, where the males began to emerge dur-
ing the first two days, followed by females
over the next five days.

Exceptions to the general pattern of sex loca-
tion in each series of cells are not uncommon.
It is suggested that consecutive occupation of
1 tunnel by several females or the construc-
tion of the series by a single female may ac-
count for these deviations (Stephen &
Osgood, 1965).

Although great variability in the position of
sexes in the cell series has been observed, the
innermost cells of each series usually con-
tained females and those nearest the entrance,
males. Cell series have ranged from all males
to all females; have had females located in the
outer cells and males in the inner; or had an
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intermixture of sexes within the series. The
usual pattern, however, suggests that females
are capable of controlling the sex of each egg
deposited. This conclusion was confirmed by
a study in which several females were tagged
and the tunnels that each filled were removed
for rearing (Stephen & Undurraga, 1976).

(Stephen & Every, 1970; Stephen & Osgood,
1965) during their work for 4 years found that
several nests have been reared containing all
females, while other nests represent uncom-
mon occurrences in the location of sexes
within each series, some have females in the
last-formed or top cell while other nests illus-
trate an admixture.

Nesting Diameter and Sex Ratio.: With re-
gard to sex ratios, larger cell provisions corre-
late with increased female offspring produc-
tion. There are two explanations for these be-
haviours in terms of nutritional maternal be-
haviours: 1) the mother brings more food to
the inner cells because she expects to produce
female offspring there and 2) the mother
chooses to fertilize the egg, thus enhancing
production (Stephen & Osgood, 1965).

The high male to female ratio has been at-
tributed to the diameter of the nesting tunnel,
length of the tunnel, and the type of medium
in which the nest is formed. It has been as-
sumed that a 1:19sex ratio is dominant
among solitary bees, but apart from the few
records about completed nesting tunnels in
Megachile, there is no published information
available on this subject (Stephen & Osgood,
1965).

In the leaf-cutter bee Megachile rotundata
(F), sex ratios of 33:19 and 23:19 can be
consistently obtained from media with nest-
ing-tunnel diameters of 5.5 and 6.0 mm, re-
spectively. Smaller tunnels with inside diame-
ters of 4.0 mm yielded bees with sex ratios of
5-113:1Q. The type of medium of which the
tunnels are composed appears to exert little
effect on the sex ratio. However, the data
suggest that sex ratios of 33:12Q and 2:1Qcan

be obtained consistently from soda straws,
wood, or polyurethane with nesting tunnels of
5.5 and 6.0 mm in diameter, respectively
(Stephen & Osgood, 1965).

(Bohart, 1972) stated that the sex ratio varies
depending on the nest size, height, and nest-
ing material, this ratio is controlled by the
mother. These observations were made of fe-
males who nest in tunnels, for example, a
tunnel diameter of 5.5 mm correlates with a
14:1%Qratio and a tunnel diameter of 6.0 mm
correlates with a 23:19 ratio of male to fe-
male, shorter tunnels, those less than 5.0 cm
in length, are less convenient.

(Stephen & Osgood, 1965) concluded from
their data that the lowest number of females
were consistently obtained from the tunnels at
their smallest diameters. The sex ratios of the
4.0 mm diameter tunnels ranged from 1131
Qin a 7.5 ¢cm straw to 5 J:1 Qin a 15.0 cm
straw. The sex ratios of 6J: 19 were recorded
of 4 mm tunnels in wood, 73:1Qfrom acous-
tical tile, and 971 in polyurethane.

This study indicated that the ratio of males to
females in the paper drinking straws with
8mm ofdiameter was 23:1%, while the ratio
of males to females in pipes with diameters of
5 mm was 14:1Qwhether the tube used was
paper or plastic drinking straws, these results
partially agreed with (Stephen & Osgood,
1965) astheirdata suggested that sex ratios of
3319 and 23:1%can be obtained consistent-
ly from soda straws, wood, or polyurethane
with nesting tunnels of 5.5 and 6.0 mm. These
results also consistent with the statement of
(Bohart, 1972), as these statements agreed
with you that the sex ratio is 1J3:1Qwhen us-
ing a 5 mm diameter tunnel, while when uti-
lizing a 6 mm diameter tunnel the sex ratio
was 23:19.

(Rahimi et al.,, 2021) reviewed previous
studies and mentioned that some of them have
dealt with the effects of the length of the tubes
used for bee nest (Rebougas et al.,
2018),while others have discussed the effects
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of tube diameter in the efficiency of bee nest
in attracting bees. (Westerfelt et al., 2015)
claimed that nest diameter was the most im-
portant factor explaining the occupation of a
certain aculeate species. Some studies found
that Megachilezaptlanaoccupy tubes with a 6-
mm diameter (dos Santos et al., 2020), while
Megachileconcinnaprefere 6 mm and 5 mm
diameter with 88.2 % compared with only
11.8% for 4 mm (Alvarez et al., 2012).

Nesting Material: The material of the tubes
also affects the efficiency of bee nests in at-
tracting bees, where different materials were
used to provide nests for bees, (Bohart, 1962;
Stephen, 1961) However, they found that the
bees prefer wooden nests over nests made of
paper tubes or wrinkled paper, as the latter
does not have the ability to resist the weather,
there is also great difficulty in dealing with
and storing these artificial nests. (Bohart et
al., 1964; Hobbs, 1956) produced semi-
circular tunnels made of wood, these semi-
circular grooves can be glued together to form
a complete circular tunnel, where incomplete
phases can be removed and stored. Although
in an area where moisture condensation in the
holes is a serious problem, (Hobbs, 1964),
maintained them and claimed that he could
minimize mold in grooved polystyrene by us-
ing wide diameter holes, by preventing the
bees from nesting in "clusters," and by steri-
lizing the polystyrene after removing the
cells. He controlled mold in cold storage by
letting the leaf cells dry out before storing
them in tight containers.

(Hobbs, 1967) made improvements to these
nesting materialusing Polystyrene, instead of
wood and reduced its weight to one-tenth.
The advantage of this, bees paper cells can be
removed more easily than in the case of
wooden tunnels, however, they can be spoil
easily, and bees can chew them.

(Stephen & Osgood, 1965) compared the ef-
fect of paper soda straws, polyurethane, and
wood of the same diameter and length on sex
ratios of the bees and found that there is no
correlation between the nesting medium and

sex ratio, while (Johansen et al., 1969), stated
that weathered wood was more attractive than
fresh and that Douglas fir was usually more
attractive than pine, and mentioned that the
problem of poor ventilation, common to all
plastic materials.

Moreover, (Bohart, 1972) indicated that each
material has its advantages and disadvantages,
however, drilled boards are used most com-
monly, Plastic blocks with holes, items are
adapted for cell removal (drilled boards with
removable backs, grooved wood, grooved
polystyrene), paper and plastic straws and
corrugated paper. Of the many kinds of nest-
ing materials tried, those listed above are still
used to some extent.

(Johansen et al., 1969; Stephen & Every,
1970) emphasized the advantage of wider di-
ameter holes in laminated boards and grooved
units for removal of cells without crushing the
larvae. The latter authors also stated that the
larger bees that emerge from wider holes are
superior, but they did not present data to sup-
port this contention. (Bohart, 1972) claimed
that when bees re-nest in these wider holes,
the offspring are smaller than average because
the bees fail to clean out much of the old leaf
material. Consequently, the larger holes
would yield larger bees only when the cells
are removed each year.

A study revelledthatOsmia rufa occupied all
tubes made of straw and printer sheeting but
in plastic straws, the occupation rate was 80%
(Wilkaniec & Giejdasz, 2003), in addition,
cardboard tubes could reduce the infestation
rate of mites (Fernandes et al., 2020). Moreo-
ver, (McCallum et al., 2018) found that nest
occupation was significantly affected by nest
design, with more bees nesting in tubes of
milk cartons (71%) than wooden nests, while
(Gaston et al., 2005; Guimaraes-Brasil et al.,
2020) claimed that there was a nesting prefer-
ence for bamboo as nest materials.

Time Investment: The flight of the ferrets
takes a relatively short time, as it takes from
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20:10 seconds to collect the cut leaves and
150:90 seconds to collect the pollen load,
while we find that the female pollinates every
flower she visits in the flight, the males do not
leave constantly, but collect nectar only and
often Without pollinating the flower you visit.
During warm periods in the spring, pre-pupae
turn into pupae.

(Stephen & Osgood, 1965) claimed that bees
reared in large-diameter straws are 2 to 4
times the size of those reared from small tun-
nels, collect more pollen per foraging trip, and
provide each cell with a greater quantity of
provisions. These statements disagree with
the results of this study, where these results
found no difference between bees size
emerged from straws of 5 or 8mm. However
the difference where found between the
leaves cuts to make larvae cells, where the
female used straws of 8 mm cut more leaves
(32-36 piece) than the one used Smm (24-26
piece), while it correspond with M. rotundata,
like M. relativa, which provide more leaf lay-
ers to a cell cup when the cell is constructed
in larger-diameter tunnels (Kim, 1992).

It can be calculated from the number of flow-
ers per acre benefiting from pollination be-
cause bees visit alfalfa flowers at rates rang-
ing from 11 to 15 per minute. 10,000 female
nests would be required, according to (Bohart,
1962; Stephen, 1962) calculation, to pollinate
a S-acre (2 ha) crop of alfalfa. According to
(Klostermeyer, 1964), 500 pounds of clean
alfalfa beds require at least 2,000 females per
acre. While (Hobbs, 1967) demonstrated that
40,000 females would be needed to complete
the pollination process on one acre of alfalfa
in just three weeks. Regarding the researchers'
other findings, they fall between the two lim-
its (2000: 40000 females / acre). Theoretical-
ly, the number of generations can multiply ten
times if tunnels are available for nesting.
(Bohart, 1962) mentioned that the number of
bees increased by five times from year to year
if good conditions were available.

CONCLUSION

Through this research, we recommend reusing
the nests made of paper tubes with a diameter
of 5 mm to collect the largest number of alfal-
fa leaf-cutter bees and try to manage and ben-
efit from them to pollinate the alfalfa crop to
increase seed productivity.

ACKNOWLEDGEMENT

I would like to express my special thanks to
Maha Ben Noseer and Aisha Albelazi for
their time and help, you were really helpful to
me during the study completion. In this as-
pect, I am grateful to you.

Duality of interest: The authors declare that
they have no duality of interest associated
with this manuscript.

Author contributions: This manuscript was
done by only one author.

Funding: This work was supported by Re-
search and Experimental Stations at the Fac-
ulty of Agriculture - University of Tripoli.

REFERENCES

Alvarez, L. J., Lucia, M., Durante, S.,
Pisonero, J., & Abrahamovich, A. H.
(2012). Occurrence of the exotic

leafcutter bee Megachile
(Eutricharaea) concinna
(Hymenoptera: =~ Megachilidae) in

southern  South  America.  An
accidental introduction? Journal of
Apicultural Research, 51(3), 221-226.
https://doi.org/10.3896/IBRA.1.51.3.0

1

Bohart, G. E. (1962). How to manage the
alfalfa leaf-cutting bee (Megachile
rotundata Fabr.) for alfalfa pollination.
Utah Agricultural Experiment Station

Circular, 144.

Bohart, G. E. (1972). Management of wild
bees for the pollination of crops.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.


https://doi.org/10.3896/IBRA.1.51.3.01
https://doi.org/10.3896/IBRA.1.51.3.01

Al-Mukhtar Journal of Sciences 38 (2): 160-172, 2023

Annual Review of Entomology, 17(1),
287-312.

Bohart, G. E., Nye, W. P., & Knowlton, G.
(1964). Nesting Shelters for Alfalfa
Pollinators (Alfalfa Leaf-cutting Bee,
Megachile rotundata F.). Agricultural
Research, 13(2), 8.

Bohart, G. E., Stephen, W., & Eppley, R.
(1960). The biology of Heterostylum
robustum (Diptera: Bombyliidae), a
parasite of the alkali bee. Annals of the

Entomological Society of America,
53(3), 425-435.

Bosch, J., & Kemp, W. P. (2001). How to
manage the blue orchard bee as an
orchard pollinator.

Buschini, M. L. T. (2006). Species diversity
and community structure in trap-
nesting bees in Southern Brazil.
Apidologie, 37(1), 58-66.

Cane, J. H., Griswold, T., & Parker, F. D.
(2007). Substrates and materials used
for nesting by North American Osmia
bees  (Hymenoptera:  Apiformes:
Megachilidae).  Annals  of  the
Entomological Society of America,
100(3), 350-358.

Danks, H. (1971). Populations and nesting-
sites of some aculeate Hymenoptera

nesting in Rubus. The Journal of
Animal Ecology, 63-77.

dos Santos, A. A., Parizotto, D., Schlindwein,
C., & Martins, C. F. (2020). Nesting
biology and flower preferences of
Megachile (Sayapis) zaptlana. Journal
of Apicultural Research, 59(4), 609-
625.
https://doi.org/10.1080/00218839.201
9.1703 084

Fernandes, J., Antunes, P., Santos, R., Zulian,
G., Clemente, P., & Ferraz, D. (2020).
Coupling spatial pollination supply
models with local demand mapping to
support collaborative management of
ecosystem services. Ecosystems and

People, 16(1), 212-229.
https://doi.org/10.1080/26395916.202
0.1800821

Frankie, G. W., Thorp, R. W., Newstrom-
Lloyd, L. E., Rizzardi, M. A,
Barthell, J. F., Griswold, T. L., Kim,
J-Y., & Kappagoda, S. (1998).
Monitoring solitary bees in modified
wildland habitats: implications for bee

ecology and conservation.
Environmental Entomology, 27(5),
1137-1148.

Free, J. (1993). Insect pollination of crops 2nd
edAcademic Press. San  Diego,
California.

Gaston, K. J., Smith, R. M., Thompson, K., &
Warren, P. H. (2005). Urban domestic
gardens (II): experimental tests of
methods for increasing biodiversity.
Biodiversity & Conservation, 14, 395-
413.
https://doi.org/10.1080/26395916.202
0.1800821

Giles, V., & Ascher, J. S. (2006). A survey of
the bees of the Black Rock Forest
preserve, New York (Hymenoptera:
Apoidea). Journal of Hymenoptera
research, 15(2), 208-231.

Godfrey, S., & Hilton, D. (1983). Nesting
biology of solitary wasps and bees in
the eastern townships region, Quebec.
Canadian field-naturalist.

Guimaraes-Brasil, M. O., Brasil, D. F,,
Pacheco-Filho, A. J., Silva, C. I, &
Freitas, B. M. (2020). Trap nest
preference of solitary bees in

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.

169


https://doi.org/10.1080/00218839.2019.1703%20084
https://doi.org/10.1080/00218839.2019.1703%20084
https://doi.org/10.1080/26395916.2020.1800821
https://doi.org/10.1080/26395916.2020.1800821
https://doi.org/10.1080/26395916.2020.1800821
https://doi.org/10.1080/26395916.2020.1800821

Al-Mukhtar Journal of Sciences 38 (2): 160-172, 2023

fragments of the Baturité massif,
Atlantic Forest, Brazil. Anais da
Academia Brasileira de Ciencias, 92.

Hobbs, G. (1956). Ecology of the Leaf-cutter
Bee Megachile perihirta
Ckll.(Hymenoptera: Megachilidae) in
Relation to Production of Alfalfa
Seedl. The Canadian Entomologist,
88(11), 625-631.

Hobbs, G. (1967). Domestication of alfalfa
leaf-cutter bees. Ottawa, Ontario:
Canadian Department of Agriculture.
Publication. 1313.

Hobbs, G., & Richards, K. (1976). Selection
for a univoltine strain of Megachile
(Eutricharaea) pacifica (Hymenoptera:
Megachilidae). The Canadian
Entomologist, 108(2), 165-167.

Hobbs, G. A. (1964). Importing and
managing the alfalfa leaf-cutter bee.
Publs Dep. Agric. Can.

Johansen, C., Klostermeyer, E., Eves, J., &
Gerber, H. (1969). Suggestions for
alfalfa leaf-cutter bee management.
Washington State University,
Agricultural Extension Service EM,
2775.

Kevan, P. (1991). Pollination: keystone
process in  sustainable  global
productivity. Acta Horticulturae(288),
103-110.

Kevan, P. G. (1983). Floral colors through the
insect eye: what they are and what
they mean. Handbook of experimental
pollination biology, 3-30.

Kim, J.-Y. (1992). Nest dimensions of two
leaf-cutter bees (Hymenoptera:
Megachilidae).  Annals  of  the
Entomological Society of America,

85(1), 85-90.
https://doi:10.1093/aesa/85.1.85

Klostermeyer, E. C. (1964). Using alkali bees
and leafcutting bees to pollinate
alfalfa. Using alkali bees and
leafcutting bees to pollinate alfalfa.

Krombein, K. V. (1967). Trap-nesting wasps
and bees. Life histories, nests and
associates. Washington, DC
Smithsonian Inst. Press, 570p.

McCallum, R. S., McLean, N. L., & Cutler,
G. C. (2018). An assessment of
artificial nests for cavity-nesting bees
(Hymenoptera:  Megachilidae) in
lowbush blueberry (Ericaceae). The
Canadian Entomologist, 150(6), 802-
812.

Nardone, E. (2013). The bees of Algonquin
Park: a study of their distribution,
their community guild structure, and
the use of various sampling techniques
in logged and unlogged hardwood
stands University of Guelph].

Potts, S. G., Vulliamy, B., Roberts, S.,
O'Toole, C., Dafni, A., Ne'eman, G.,
& Willmer, P. (2005). Role of nesting
resources in organising diverse bee
communities in a Mediterranean

landscape. Ecological Entomology,
30(1), 78-85.

Rahimi, E., Barghjelveh, S., & Dong, P.
(2021).  Quantifying how urban
landscape heterogeneity affects land
surface temperature at multiple scales.
Journal of Ecology and Environment,

45(1), 1-13.
https://doi.org/10.1186/s41610-021-
00192-z.

Rebougas, P. O., Aguiar, C., Ferreira, V.,
Sodré, G., Carvalho, C., & Gimenes,
M. (2018). The -cavity-nesting bee
guild (Apoidea) in a Neotropical

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.


https://doi:10.1093/aesa/85.1.85
https://doi.org/10.1186/s41610-021-00192-z
https://doi.org/10.1186/s41610-021-00192-z

Al-Mukhtar Journal of Sciences 38 (2): 160-172, 2023

sandy coastal plain. Sociobiology,
65(4), 706-713.

Rios-Velasco, C., Berlanga-Reyes, D. 1,
Ayala-Barajas, R., Salas-Marina, M.
A., Tbarra-Rendén, J. E., Flores, P. B.
Z., Romo-Chacén, A., & Acosta-
Muiiiz, C. H. (2014). Identification of
megachilid species (Hymenoptera:
Megachilidae) and other pollinators in
apple orchards in Chihuahua, México.
Florida Entomologist, 97(4), 1829-
1834.

Sheffield, C. S., Kevan, P. G., Westby, S. M.,
& Smith, R. F. (2008). Diversity of
cavity-nesting bees (Hymenoptera:
Apoidea) within apple orchards and
wild habitats in the Annapolis Valley,
Nova Scotia, Canada. The Canadian
Entomologist, 140(2), 235-249.

Sheffield, C. S., Ratti, C., Packer, L., &
Griswold, T. (2011). Leafcutter and
mason bees of the genus Megachile
Latreille (Hymenoptera:
Megachilidae) in Canada and Alaska.
Canadian  Journal of Arthropod
Identification, 18, 1-107. https://doi:
10.3752/cjai.2011.18

Steffan-Dewenter, 1., Miinzenberg, U.,
Biirger, C., Thies, C., & Tscharntke,
T. (2002). Scale - dependent effects of
landscape context on three pollinator
guilds. Ecology, 83(5), 1421-1432.

Steffan - Dewenter, 1. (2003). Importance of
habitat area and landscape context for
species richness of bees and wasps in

fragmented orchard meadows.
Conservation biology, 17(4), 1036-
1044.

Stephen, W., & Every, R. (1970). Nesting
media for the propagation of leaf
cutter bees. Oreggan State University.

Cooperative Extension. Servo Fact
Sheet 175. 2 pp.

Stephen, W., & Osgood, C. E. (1965).
Influence of tunnel size and nesting
medium on sex ratios in a leaf-cutter
bee, Megachile rotundata. Journal of
Economic Entomology, 58(5), 965-
968.

Stephen, W., & Undurraga, J. (1976). X-
radiography, an analytical tool in
population studies of the leafcutter bee
Megachile pacifica.  Journal of
Apicultural Research, 15(2), 81-87.

Stephen, W. P. (1961). Artificial nesting sites
for the propagation of the leaf-cutter
bee, Megachile (Eutricharaea)
rotundata, for alfalfa pollination.

Journal of Economic Entomology,
54(5), 989-993.

Stephen, W. P. (1962). Propagation of the
leaf-cutter bee for alfalfa seed

production. Agricultural Experimental
Station. Bulletin 586:1-16

Taki, H., Viana, B. F., Kevan, P. G., Silva, F.
0., & Buck, M. (2008). Does forest
loss affect the communities of trap-
nesting wasps (Hymenoptera:
Aculeata) in forests? Landscape vs.
local habitat conditions. Journal of
Insect Conservation, 12, 15-21.

Thorp, R. W. (2003). Bumble bees
(Hymenoptera: Apidae): commercial
use and environmental concerns. In /n
K. Strickler and J. H. Cane. Editors.
For  nonnative  crops,  whence
pollinators of the future? (Proceedings
of Thomas Say Publications in
Entomology; Lanham, Maryland,
Entomological Society of America

Tscharntke, T., Gathmann, A., & Steffan -
Dewenter, I. (1998). Bioindication
using trap - nesting bees and wasps

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.


http://dx.doi.org/10.3752/cjai.2011.18
http://dx.doi.org/10.3752/cjai.2011.18

Al-Mukhtar Journal of Sciences 38 (2): 160-172, 2023

and their natural enemies: community
structure and interactions. Journal of
applied ecology, 35(5), 708-719.

Westerfelt, P., Widenfalk, O., Lindelow, A.,
Gustafsson, L., & Weslien, J. (2015).
Nesting of solitary wasps and bees in
natural and artificial holes in dead
wood in young boreal forest stands.

Insect Conservation and Diversity,
8(6), 493-504.

Westphal, C., Bommarco, R., Carré, G.,
Lamborn, E., Morison, N., Petanidou,
T., Potts, S. G., Roberts, S. P.,
Szentgyorgyi, H., & Tscheulin, T.
(2008). Measuring bee diversity in
different European habitats and
biogeographical regions. Ecological
monographs, 78(4), 653-671.

Widhiono, I., Sudiana, E., & Darsono, D.
(2017). Diversity of wild bees along
elevational gradient in an agricultural
area in central Java, Indonesia.
Psyche, 2017.
https://doi.org/10.1155/2017/2968414

Wilkaniec, Z., & Giejdasz, K. (2003).
Suitability of nesting substrates for the
cavity-nesting bee Osmia rufa.
Journal of Apicultural Research,
42(3), 29-31.
https://doi.org/10.1080/00218839.20
03.11101084.

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
172


https://doi.org/10.1155/2017/2968414
https://doi.org/10.1080/00218839.2003.11101084
https://doi.org/10.1080/00218839.2003.11101084

Al-Mukhtar Journal of Sciences 38 (2): 173-188, 2023

ISSN: online 2617-2186 print 2617-2178
Journal Homepage https://omu.edu.ly/journals/index.php/mjsc/index
Doi: https://doi.org/10.54172./mjsc.v38i2.1509

Hybrid Dual Quadrature Rules Combining Open and Closed 3

Check for

Quadrature Rules Enhanced by Kronrod Extension or Updates
Richardson's Extrapolation for Numerical Integration

Haniyah A. M. Saed Ben Hamdin " and Faoziya S. M. Musbah?
IMathematics Department, Faculty of Science, Sirte University, Sirte, Libya.
?Mathematics Department, Faculty of Education, University of Bani Waleed, Bani Waleed, Libya.

Abstract: Numerical integration is a powerful way to integrate certain categories

ARTICLE HISTORY of integrals, such as those whose closed-form anti-derivative is missing, improper

FragsfiEt integrals, and tabular data where a function is absent. In this paper, open and
26 April 2023 closed dual hybrid quadrature rules have been designed for the numerical

integration of real definite integrals with either a singular integrand or a non-
Accepted: elementary anti-derivative, respectively. Such quadrature rules couple a Gauss-
28 June 2023 type rule with a Newton-Cotes-type rule such that both rules are of the same

degree of precision, say p to achieve a hybrid rule of a degree of precision greater
Keywords: than or equal to p+2. The open/closed-type hybrid quadrature rule has been
Gaussian Quadrature, constructed as a linear combination between the two-point Gauss-Legendre
Bool’s Rule, Kronrod guadrature enhanced by Kronrod extension and a derivative-based open/closed
Extension, Richardson Newton—Cotes formula yielding a hybrid rule of degree of precision equal to nine.
Extrapolation, Hybrid Furthermore, a hybrid quadrature rule was created by merging the numerically

Quadrature Rule,

e enhanced Lobatto-Gauss rule and Bool's rule which was enhanced by Richardson
Derivative-Based Open &

extrapolation. An error analysis analytically confirms that the proposed rules
Closed Newton-Cotes L . ! .
Quadrature Formulae perform better than their ingredients' quadrature rules. The effectiveness of the
Mixed Quadrature Rule suggested hybrid rules has been demonstrated with some integral examples that
Numerical Quadrature. exhibit good agreement with the precise outcomes. An adaptive algorithm has
been implemented to enhance the accuracy of the results obtained.

9908 aialy L) dileaal) dilially dagidall gausil) 30058 G pand Al (gaaml) JalSill diiaglly dagajall gl ao gl
O gm it Al i)

5 Al COLASIIS DLl (e Aigen 2580 gyl JalSll JUEd sl g8 ganal) kSl sl
G At a3 Cand) 13a b L Adai Jlss AN o Al Bygm B LkelSS e il oSa Y A el
£33 00 O3] ga Gusls g5 e Diani B Gu GAE G Glially midal gaill G dngdyall wull aclss
Adlaas dagibe Lima L 20l (0555 3 dnle . p A8 Aoy ety LaadIS (35S oy (368 (g
Oi5-ST (fis Aday 393958 Aaialy (L) skl 53 paiad — sl ag e Aplad 0SS
A GRS S s R & Lo el Aol (e 383 3 A 2068 die i Lee i) e A Aaliall/da siddl)
Bl e g 5acts pe Lose dufdl) Gagla silisl BaclE e DS (e (3lial) sl (e (AT Aiand Lnnfi Bacls
il ARBA Gula aa g o Al (o 2K Uaall bl Jlail . gann i) aplal) JLSLaY L didadl)
Al aofgll 50U (e 3aatll Aabiad) ABaY) (e degtia degane 4l a3 P + 2 Gkt ) (e ST A8y Gl

Ladle dmnsi A lsd i o3 Lol L Aagiiaall il pa 13 e Wl el Ally ds jiall dingl)
Agle Jsand) @ Al oilill 483 (e

Lan i rdpalidd) cilall)
Aaial ¢ oy acld ¢ ugla
18 PXS TV PR PRSP
Qg Al

technique to integrate specific categories of
integrals with some restrictions, such as
integrals that do not possess a closed form,
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INTRODUCTION
Numerical integration is a widespread
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elementary anti-derivatives, or improper
integrals. One of the very popular tools for
numerical integration is the quadrature rules,
either Gauss-type or Newton-Cotes-type
(Atkinson, 2012; Davis and Rabinowitz,
2012; Burden and Faires, 2005). Quadrature
rules are commonly implemented in a variety
of applications in physics, engineering, and
quantum mechanics. Such quadrature rules
are very convenient for computing the anti-
derivative of tabular data, which may be
encountered in some applications from
experiments or measurements where the
function is absent. Gauss-type and Newton-
Cotes-type quadrature rules are both open,
closed, and semi-open types; this should
increase their reliability in adopting a variety
of integrals with certain constraints.
Numerical integration can efficiently integrate
improper integrals of different types.
Improper integrals over the infinite intervals
(0,0) or (—o,0) can be efficiently
integrated by Gauss-Lagurre or Gauss-
Hermite, respectively (Das and Dash, 2017).
Furthermore, such improper integrals can be
transformed by a suitable transformation
yielding finite limits of integration, then recall
a convenient rule for the finite intervals.
Gaussian quadrature rules are widely used for
integral oscillatory or singular integrands that
are encountered in many applications, as
evidenced by (Milovanovic, 1998). A
comparison between Newton-Cotes
quadrature rules and Gaussian quadrature
rules is presented in (Sermutlu, 2005) in terms
of accuracy, computational effort, and number
of integrand evaluations. He claimed that by
using low and high-order rules, the quadrature
rules of Gauss-Type are superior to the
standard Newton-Cotes-Type rules.

The degree of precision of quadrature rules
can be improved either by increasing the
number of nodes n or decreasing the step size
h. However, this may adversely affect the
stability of the numerical rule due to the
undesirable appearance of negative weights
which leads to an ill-conditioned numerical
process. Thus, one could resort to the adaptive

scheme either globally (on the whole interval
of integration) if needed or locally along some
sub-regions where the integrand has sharp
variation. The mechanism of the adaptive
technique is to densely evaluate the integrand
in certain sub-intervals where the function
experiences large variation to capture the
behavior of the integrand in such regions until
the termination criterion is met (Dash and
Das, 2013a; Dash and Das, 2013b; Dash and
Das, 2012). A new set of closed, Mid-point,
and open Newton-Cotes quadrature rules were
proposed by Burg et. al. (Burg, 2012; Burg,
2013; Zafar, 2014). Such new derivative-
based Newton-Cotes formulae require the
evaluations of the integrand and its derivative
at less abscissa compared to the classical
Newton-Cotes rules. They claim that the new
scheme of Newton-Cotes formulae yields
much better performance compared with the
standard Newton-Cotes formulae in terms of
accuracy, computational effort, arithmetic
operations of the integrand, degree of
precision, error terms, and their coefficients.

The degree of precision of n-point the
Gaussian rule is (2n — 1), that is this rule
should exactly integrate any polynomials of a
degree less than or equal to (2n — 1). The n-
point Newton-Cotes quadrature rules are of
the degree of precision (n — 1) if n is even,
and of the degree of precision n if n is odd.
Recently, a numerical enhancement was
proposed by (Babolian et al., 2005; Masjed et.
al., 2005) to increase the accuracy by two for
the Gauss-Legendre and Gauss-Radau
quadrature rules. Furthermore, a numerical
enhancement of the Gauss-Lobatto quadrature
rule was proposed by (Eslahchi et. al., 2005),
and they claim that they obtained better
approximate results than those obtained by
the corresponding standard Gauss-Lobatto
quadrature rule. Moreover, such a technique
has been adopted for the open, closed, and
semi-open Newton-Cotes formulae,
respectively (Dehghan et. al., 2006; Dehghan
et. al., 2005a; Dehghan et. al., 2005b).

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.
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It is worth emphasizing that those Gaussian
quadrature rules are stable because all the
weights are positive.  Gauss-Legendre,
Hermite, and Lagurre quadrature rules are of
open type, whereas Gauss-Lobatto and
right/left Gauss-Radaua are respectively of
closed and semi-open/closed type. A
drawback of Gauss-type rules is that they are
not progressive, that is, Gaussian rules of
differentiation, and have no nodes in common
except at the midpoint. To overcome the non-
progressive issue related to Gaussian
quadrature rules, Kronrod (Kronrod, 1965 a;
Kronrod, 1965 b; Walter, 1988) established
his extension to the Gauss-Legendre and
Lobatto quadrature rules, both of which have
a weight function (w(x) = 1). The Kronrod
extension optimally adds (n + 1) abscissas to
the n-point Gaussian, vyielding a more
accurate (2n + 1)-point Kronrod-Legendre
Gauss pair quadrature rule. In contrast, for
other Gaussian quadrature rules, such as
Hermite-Gauss and Lagurre-Gauss, there is
no real Kronrod extension (Kahaner, 1978),
but sub-optimal Kronrod extensions can be
gained with a degree of precision less than
(3n+ 1) (Begumisa and Robinson, 1991).
Additionally, Patterson (Patterson, 1968 a;
Patterson, 1968 b) enlarged the idea of
Kronrod extension by adding (2n + 2) points
to the (2n + 1)-point Kronrod—-Gauss pair to
achieve a progressive rule of (én+4) as a
degree of precision.

The accuracy of the numerical quadrature
rules can be enhanced by adopting some
reliable approaches such as Richardson’s
extrapolation (Burden and Faires 2005) and
the Kronrod extension which respectively rely
on the trapezoidal rule and quadrature rule as
a fundamental rule. Richardson extrapolation
(Zlatev et. al., 2018) is a powerful technique
to enhance the accuracy of approximation
numerical tools that deal with a parameter say
the step size h such as numerical integration,
numerical differentiation, numerical methods
for solving ordinary and partial differential
equations such as Runge-Kutta and finite

difference  methods  respectively.  The
advantage of implementing the Richardson
extrapolation to quadrature rule is to gain a
higher accuracy relying on low-order rules
and can be efficiently incorporated into
Gauss-Type (Mohanty, 2020; Jena and Dash,
2011) and Newton-Cotes-Type quadrature
rules (Jena and Dash, 2011).

Furthermore, a simple approach was first
proposed by (Das and Pradhan, 1996)
combining a pair of quadrature rules of the
same degree of precision, say p, producing a
mixed quadrature rule of better accuracy,
usually (p + 2). They combine the 3-point
Gauss-Legendre ~ with ~ Simpson’s  1/3
quadrature rule. It is worth emphasizing that,
the formula of the mixed quadrature rule does
not involve any extra sampling of the
integrand, it only linearly couples the
ingredient rules to gain better accuracy. Other
formulations of mixed rules are found
blending different Gauss-type with Newton-
Cotes-Type quadrature rules for approximate
evaluation of real definite integral and also for
analytic functions (Tripathy et. al., 2015;
Patra et. al., 2018; Mohanty, 2020). Such
mixed quadrature rules have been
implemented to solve singular integral
equations in electromagnetic field problems
(Jena and Nayak, 2015).

In this paper, three dual hybrid quadrature
rules have been constructed for the numerical
integration of real definite integrals with
singular integrands or non-elementary anti-
derivatives. Such quadrature hybridizes
between a Newton-Cotes-type formula and a
Gauss-type formula enhanced either by
Kronrod extension or Richardson
extrapolation, both of which have the same
degree of precision. This paper is structured
as follows: The relevant literature review is
presented in Section 1. In Section 2, we
introduce some basic definitions. In Section 3,
the Kronrod extension of the two-point
Gauss-Legendre quadrature rule has been
constructed. The open and closed type hybrid
rule coupling the Gauss-Kronrod quadrature
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rule with a derivative-based open and closed
type Newton-Cotes rule, respectively, has
been formulated in sections 3 and 4. The
further  closed-type hybrid rule was
formulated in Section 5 by combining a
numerically enhanced Gauss-Lobatto
quadrature rule with Bool’s Rule enhanced by
Richardson extrapolation. For the sake of
verification of the proposed hybrid rules of
both types, some numerical results are shown
in Section 6, followed by a discussion in
Section 7. Finally, a conclusion is drawn in
Section 8.

Basic Definitions
Here we introduce some basic definitions that
we need throughout the paper.

Definition 1 [1]: An n-point Gaussian-
quadrature rule is deflned by the formula,

n = [ = Z WG +EL(, (1)

where the points x; are the quadrature points
and are known as nodes or abscissas, the
factors w; are the corresponding weights, and
EL,(f) is the error of the rule (1). The
quadrature rule (1) is based on polynomial
interpolation. The mechanism of the Gauss
quadrature is based on the precision concept,
that is, the quadrature rule is exact for
polynomials of degrees less than or equal to
2n—1. That is the formula (1) exactly
integratesn  monomial  functions x%,i =
0,1,2,..,n. Thus we obtain a non-linear
system of moment equations that can be
solved, vyielding the nodes and the
corresponding weights.

Definition 2 (Degree of Precision): The
degree of precision of the n-point Gaussian-
quadrature rule (1) is defined by the degree
of the polynomial such that the error
El,(P,) = 0. Thus the quadrature rule (1) is
exact for all polynomials of degree <n, and
the error EL,(B,) # 0fori=n+1,n+ 2, ...
It is worth emphasizing that for the Newton-
Cotes quadrature rules, the equal-distance
nodes are known and the weights are

unknowns and need to be determined by
solving a Vandermonde system, whereas for
the Gaussian quadrature rules, the nodes and
the weights are both unknowns.

The two-point Gauss-Legendre quadrature
rule is given as,

h h
aa ) =h|f (1-7)+ 1+ )] @
where h = bz;a and throughout the paper

yzazﬁdenotes the mid-point of the
reintegration interval.

b
Igxace(f) = j f(x)dx = Igo(f) + Egr2(f), (3)

Where E;;,(f) is the truncation error of the
two-point Gauss-Legendre quadrature. The
error can be derived by polynomials
interpolation or by Taylor expansion of the
functions involved in I;;,(f) about the mid-
point u of the integration interval to yield,

EGLZ (f) - IExact(f) IGLZ (f)

1016h7
= —f @ w +

©) N
135 675 x 7] U+

The degree of precision of the two-point
Gauss-Legendre quadrature rule I ,(f) is
three, that is, it should exactly integrate
polynomials of degree up to three.

Definition 3 (Stability of Quadrature
Rule): If all weights in the formula (1) are
non-negative, then the rule is stable and

3= Z|wl| =b-

where A is known as the absolute condition
number of the quadrature rule.

Definition 4 (Progressive Quadrature
Rule): A quadrature rule is called progressive
if the nodes for I, are also nodes for the
successive rule I,,, where n, > n,.

The quadrature rule has this outstanding
feature that significantly reduces the
computational  effort  for  successive
quadrature rules by keeping the arithmetic
operations that are involved in integrating the
integrands to a minimum. Unfortunately,
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Gauss-Type rules are not progressive; that is
Gaussian rules of different n have no nodes in
common except at the midpoint. To overcome
this issue, Kronrod 1965 established his
progressive extension to the Gauss-Legendre
quadrature as shown next.

Kronrod Extension of Two-Point Gauss-
Legendre Quadrature Rule

The Kronrod extension (Walter, 1988)
optimally adds (n+ 1) abscissas to the n-
point Gaussian rule yielding an (2n+ 1)-
point  Kronrod-Legendre  Gauss  pair
quadrature rule of (3n+ 1) or (3n+ 2) as
degree of precision depending on whether n is
even or odd respectively. The (2n + 1)-point
Kronrod-Legendre-Gauss pair quadrature
L1 (f) Is progressive as it only requires
sampling of the integrand at the new (n +
1) points.

Now we show how to enhance the degree of
precision of I;,(f) seeking its Kronrod
extension. Such extension can be achieved by
adding three new abscissa to the I;;,(f) in
equation (2); that is, we have,

5
Ixcr2(f) = Z cif (x:),
i=1

where, x, =u—%, and x, =,u+%.

To force this quadrature rule to exactly
integrate polynomials of degree 3n+ 1=
7,where n =2, we need to consider the
monomial functions flx)=x/,j=
0,1,2,....3n+ 1. Thus we have an algebraic
non-linear system with eight unknowns
C1,Cy,C3,Cyq, Cs, X1, X3, X5, and eight-moment
equations, which can be solved to obtain the
Kronrod extension of the Gauss-Legendre
quadrature rule Ixs.2(f) as,

IKGLZ(f)
( 6 6 )
L los|f| u— Sh|+f{u+ |Zh +308f(w) |
=ﬁi j ®
1 1

This formula can be written as,

Iexact (f) = Ixcr2(f) + Exer2(f) . (5)

where Ex¢r2(f) is the truncation error of the
Kronrod-Gauss quadrature rule and can be
computed by Taylor expansions of the
functions involved in I, (f) to yield,

8’ f@ (W) se7ant fU0 )

Eraz() =~ or ~ e 1n

Thus, the Kronrod extension of the two-point
Gauss-Legendre rule considerably enhanced
the degree of precision from three to seven,
and the local truncation error is of the ninth
order. It is worth mentioning that the Gauss-
Legendre quadrature rule is of open type
because all of its nodes are interior points and
usually cluster near the endpoints of the
integration interval. Efficient computation of
improper integrals with singular integrands
can be achieved by this rule, either alone or in
conjunction with other open-type Newton-
Cotes quadrature formulas, as demonstrated
later. As we have just shown, the Gauss-type
quadrature rules can be enhanced by their
Kronrod extension, whereas the adaptive
quadrature rule can be utilized to enhance the
approximate results obtained by the Newton-
Cotes-type quadrature rules. Next, we briefly
give an overview of the adaptive quadrature
rule.

Adaptive Algorithm

A mathematical integration technique called
adaptive quadrature (Stoer and Bulirsch,
1992; Burden and Faires, 2005) is utilized to
approximate the definite integral. Dynamic
adjustments are made to the subintervals and
the number of evaluation points by adaptive
quadrature based on the local behavior of the
integrand. This aids in obtaining a more
precise approximation, especially in situations
where functions change rapidly. The adaptive
quadrature algorithm usually consists of the
following steps:
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Initial setup: Break up the integration
interval into multiple subintervals and
approximate the integral for each subinterval.

Error Estimation:

e Compare the results obtained with the
quadrature rule to estimate the error in
each subinterval.

e Determine which subintervals have a
significant impact on the error.

Refinement:

e Reduce the error by dividing the most
significant subintervals into smaller
subintervals.

o Perform the integration process again for
the subintervals that have been refined.

Termination: Keep repeating the process of
error estimation, adaptability, and refinement
till a specific level of accuracy is reached or
until a termination criterion is satisfied.

Formulation of the Open-Type Hybrid rule
coupling the Gauss-Kronrod rule with a
Derivative-Based Open-Type Newton-
Cotes rule.

Here, we show how to couple two quadrature
rules that both have the same degree of
precision, say seven, to yield a hybrid rule of
the same degree of precision, nine. The
ingredients of the open-type hybrid rule are
the Kronrod extension of the two-point
Gauss-Legendre rule and a derivative-based
open-type Newton-Cotes rule for n=3 which
is given by Zafar (Zafar 2014),

IExact(f)
1805[f (x1) + f(x2)] — 1245[f (x) + £ (x3)]

h 6605 ,
=504 +h T[f (x3) = f'(x0)] +
1315[f’(x2) - f’(x1)]
4 5951 h° f(g)(ll) b
1016064 ’

where the quadrature points are,
x;=a+ (i+1)h, i=012,..n,

and the step size is defined as:

h_(b—a)
T \n+2/

This formula can be rewritten as,

Iexact (f) = Inpo(f) + Enpo(f),  (6)
where,

INDO(f)
L 1805[f (x1) + f(xz)] — 1245[f (x0) + f(x3)]
T 224)+h

5
R 1) — £/l + 13151 () — /()

and,

5951 h°

et ¢:)] 11
Toteoes’ G+ O,

Enpo(f) =
It should be noted that the new derivative-
based Newton-Cotes formula Iypo has a
degree of precision of seven, the local
truncation error is of ninth order, and it only
needs four interior quadrature points. Thus,
Iypo requires the evaluations of the integrand
and its first derivative at a lower number of
abscissas compared to the classical Newton-
Cotes rules.

Now, multiplying equations (5) and (6),

respectively, by 29;55 and then adding the

resulting equations yields the open-type
hybrid quadrature rule as follows:

70 29755

8
oAt g e ) + g5 lwo D], ®

IOHR(f) =
where Ixq2(f) and Iypo (f) are respectively,
given by equations (6) and (7). The local
truncation error of E,yr(f) is of ninth order,
that is,

EOHR(f) = O(hll)- 9

We already know that the Gauss-Legendre
quadrature rule is of open type because all of
its nodes are interior points of the integration
interval. Combining this rule with a closed-
type Newton-Cotes rule can enable the
computation of integrals without a closed-
form anti-derivative or a non-elementary anti-
derivative, as demonstrated below.
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Formulation of a Closed-Type Hybrid Rule
Coupling the Gauss-Kronrod Rule with a
Derivative-Based Closed-Type Newton-
Cotes Rule.

Furthermore, we can formulate a closed-type
quadrature rule with a degree of precision of
seven. Let us recall a derivative-based closed-
type Newton-Cotes rule for n =3 (Burg
2012) given as

IExact(f) - f f(X)
b { 93[f(a) + f(D)] + 243[f (x,) + f(x2)]

T 224 +2[570f'(@) — £/ ()] + 81[f ' (x2) — £ ()]
9 hF® (k)
313600 (10)

where the quadrature points x; = a + ih, i =
0,1,2,..n, and the step size is h = b%a, with

degree of precision seven. The formula (10)
can be rewritten as,

Igxact(f) = Inpc(f) + Enpc(f), (11)

where the error is given as:

9R°fO W)

11
313 x 600 THOGRT).

Enpc(f) =
In a similar fashion to the formulation in
Section 3, one can easily obtain the following
linear combination of equation (6) with
equation (11) yielding a closed-type hybrid
quadrature rule as,

15337 [3402

Ienr (f) = 1670111313 Ixgr2(f) +

INDC (f)]

where Ix¢2(f) and Iypc(f) are respectively
given by equations (6) and (10). The
corresponding truncation error of Iz (f) is,

ECHR(f) = O(hll)- (12)

Next, we formulate a closed-type hybrid rule
by blending two closed quadrature rules.

Formulation of The Closed -Type Hybrid
Rule Coupling the Numerically Enhanced
Gauss-Lobatto Quadrature Rule with

Bool’s Rule Enhanced by Richardson
Extrapolation.
First, let us start with the Gauss-Lobatto
quadrature rule.

1. Numerically Enhanced Gauss-Lobatto
Quadrature Rule

The standard n-point  Gauss-Lobatto
quadrature rule is given by the following
formula,

b
f FQ) dx = Loy (f)

n-1

= . f (@) + Z Cf G+ enf (B, (13)

where the absussas x; are the (i — 1)th zero
of the P,_,(x), and P,(x) is the n‘" degree
Legendre polynomial. This rule is closed
because both of the endpoints a,b are also
taken as quadrature points, and the degree of
precision of this rule is (2n — 3).

A numerical enhancement of the Gauss-
Lobatto quadrature rule (13) was proposed
by (Eslahchi et. al. 2005), they claim that their
approach vyields better approximate results
than those obtained by the corresponding
standard Gauss-Lobatto quadrature rule. The
core idea of their approach is to consider the
end-points of the integral as parameters and
that the monomial basis functions x' is
extended from i =0,1,2,...,2n+ 1 (for the
standard Gauss-Lobatto) to i =
0,1,2,...,2n + 3. Thus the proposed approach
is approximately exact for polynomials of
degree up to 2n + 3. That is, they proposed
the following system,

b ] bi+1 l+1
f xldx=l_l_—1 Zwkxk+aa + BB,
a

for i=0,12,..,2n+3, and the notations
a,b,a,B,x,Xg, ., Xn, W1, Wy, ...,w, are all
unknowns, resulting in a non-linear system
that has no analytic solution, but a numerical
solution can be found. Thus, all the abscissas,
the optimal location of endpoints, and the
corresponding weights only have numerical
values that are tabulated in (Eslahchi et. al
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2005). Thus, one needs to rescale the original
integral to fit the new optimal endpoints by
the following transformation (Eslahchi et al.,
2005),

T b
| reodx = [ oo,

) a

where,
_(T—§6 (t—086)x+bs—ar
lp(x)_(b—a)f< b—a >

A numerically enhanced Gauss-Lobatto
quadrature rule for n = 1 takes the numerical

form within a tolerance 10~7(Eslahchi et. al
2005),

b
f fO) dx = Inpop(f) = 4.7 X 107° +

_3[9.3801 9 (a) + 9.3802 y(b)

10 [ _3y], (14)
+37.5206 1(2.5022 x 1073)

where the optimal locations of the endpoints

are:

a=—2.789016 x 1072,b = 2.839074 x 1072

Here, we show how to couple two closed
quadrature rules, both having the same degree
of precision, to yield a more accurate hybrid
rule. The ingredients of the hybrid rule are a
numerically improved Gauss-Lobatto
quadrature rule, and Bool's rule enhanced by
Richardson extrapolation.

2. Bool’s Rule Enhanced by Richardson
Extrapolation.

The closed Newton-Cotes quadrature rule for
n =4 is (five abscissas) known as Bool’s
rule, and is defined by the following formula,

b
f f(x) ~ IBool(f)
:Eﬁyvﬁn+fwﬂ+3ﬂﬂ%)+fkgw
45 +12f(x,)
_8_h7f(6)( ) (15)
9457 W

The corresponding error is,

(2n)’
21 X 6!

EBool(f) = f(s)(.u) +

where the quadrature points x; = a + ih, i =
0,1,2, ...n, and the step size is h = ? with

degree of precision five. Here we show how
to enhance the Bool’s rule by Richardson
extrapolation. The mechanism of Richardson
extrapolation is to begin with an initial
approximation at a certain level of refinement,
and then compute a successive approximation
using a finer level of refinement. Finally,
apply the following Richardson extrapolation
formula (Zlatev et. al. 2018) vyielding an
enhanced accuracy of the approximated
integral,

(k-1) _ (k-1)
4k — 1, (16)
4k — 1 ’

b
f f(x)dx = Iik) =
a

forn>2%k>1.

Starting with k = 1 in (16) we have
o _ ;0
4137 — I,

1) _
1,7 = 3 ,

(17)
where,

LEO) = Igoo1 (f)-
Now for I5” we have nine points, thus

19

( h 3B 1
_ b 70F@ + F)] + 32 f<a+§21+f<a+ 27>
5 +f<a+7>-|-f<a+7

)

+12[f(a+ h) + f(a + 3h)] + 14f (a + 2h)

By substituting 7 and I1{”) into equation
(17), we obtain

Irgoot (F) = IV (F)

7[f (@) + f(b)] _S}Ef(a+h) +§}(1a+ 3h)]
Al e |
\ +f<a+7>+f(a+7) J

where the truncation error of the enhanced

quadrature rule If) can be computed by
Taylor expansions of the functions involved

in IV to yield,
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5 (2h)?
336 X 6!

277 (2h)°
11520 x 8!

Elil)(f) — f(6)(‘u) + f(B)(‘u) + -,

Comparing the error EI” () with Egooi(F),
one could notice that the magnitude of the

coefficient of the leading term of EI{" has
decreased by an amount of % compared to the

corresponding term in Eg,o; (f).
For k = 2 in (16), we have

(1) (1)
417 — 1
2) _
0= — (18)
where,
Jiey
8

h
= 1351 7@ + F)]

\
I[f<a+ )+f(a+ )+f< ]|
+32| (a+ ) + () + (a+ 11h|
I 13k 15h I
[ +f<a+T)+f(a+T) |

sl esd)ore B eres B )

+ 14[f(a +h) + f(a+ 2h) + f(a + 3h)] ;.

)

Substituting IV and ISV into equation (18)
yields,

/@

4

2h
= 5025 77[f (@) + f(D)]

T + ]
Do) |

Lo (a+ 2 4 (0 20 4 (w250
(+

Bes(oZ)er(oe )

+176[f(a+ h) + f(a +2h) + f(a + 3h)] ¢,

—_—

the truncation error of the enhanced

quadrature rule If) and can be computed

similarly to the error of If), so

9 (2h)7
8960 X 6!

421 (2h)°

A1) g
2157608 W

ELP(f) = - fOW -

A similar process can be followed for k = 3.
To prevent repetition, in a similar analogy to
the derivation in Sections 3 and 4, one could
linearly combine the numerically enhanced
Gauss-Lobatto quadrature rule with Bool's
rule enhanced by Richardson extrapolation,
yielding a closed-type quadrature rule
IcgoLop (f), and the corresponding truncation
error is,

ECHR(f) = O(hg)- (19)
RESULTS

Some integral examples are presented in
Table (1) to verify the efficiency of the open-
type mixed quadrature rule Ioyr(f). For
example, the following logarithmic integral
has non-elementary anti-derivative as:

2
I, = f In[In(x)]dx = —Li(2) + y + 2log(log 2)
1
~ —1.20097,

where Li(x) = ld(y)

integral function, and y is the Euler-
Mascheroni constant; thus such an integral
only has a numerical value. Other integral
examples of singular-kernel are presented,
such as elliptic integral I,, exponential
integral I, error function I, Dirichlet integral
I; (Kober, 1940), and incomplete gamma
function I,. Concerning the Dirichlet integral
I;, we need the variable transformation w =
e ~* to transform the indefinite integral I, to a
definite integral as follows:

is the logarithmic

I7=fm5iﬂdx:ﬁ2flwdw.
° 0 win()

Now, we recall the following transformation:
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fabf(w)dw _ f_llf [(b - a)xz+ b+ a] (b ; a) dx.

Thus, one has

waiﬂ dx f sin[in (7)| i
0 -

Y Py

Also, some integral examples of the closed-
type mixed quadrature rule are presented in
Table (2) to verify the efficiency of the
closed-type mixed quadrature rule Icyr(f).
For example, the following logarithmic
integral has non-elementary anti-derivative:

2
I = f e®" dx = Ei(e?) — Ei(e) ~ 255.676,
1

where  Ei(x) =—[7,%=dy  is the

exponential integral, thus the integral I; only
has an approximate value. These approximate
integral values are used for verification
purposes by comparing them with the
numerical results obtained by the proposed
rules and are referred to as near-exact values.
Other integral examples of non-elementary
anti-derivatives are also presented, such as the
Gaussian  integral  I,(encountered  in
probability density), the sine integral, and the
exponential integral 1,.

DISCUSSION

For numerical computations, we build up
some numerical routines by Mathematica 3.1.
software. Table (1) shows the approximate
values of some improper integrals, either with
singular integrands or with infinite intervals
of integration. With a small number of
abscissas, the observed accuracy is quite good
and very satisfactory. It should be noted that
the relative errors related to the approximate
results shown in Tables (2) and (3) are much
smaller than those in Table (1). This variance
between both categories can be traced back to
the fact that the integrands in Table (2) are
quite well-behaved functions, unlike the
integrands in Table (1) which can be

considered bad-behaved functions. For
instance, the Dirichlet integral I, in Table (1)
has a singularity at both endpoints of the
integration interval. Also, the integrand of I;
in Table (2) experiences very sharp variations,
especially in the sub-region (1.5,2) as shown
in Figure (1). Thus, to achieve higher
accuracy for Ipyr (f), the rule Iypo (f) needs
to be enhanced by an adaptive algorithm.
Thus, one urgently needs a local-adaptive
algorithm ~ for  Iypo(f) and  Iypc(f)tO
conveniently capture the integrand behavior
rather than only relying on four nodes.
However, such integrand behavior will be
inherited in the adaptive algorithm; the
adaptive quadrature algorithm for integrals in
Table (1) may suffer from slow convergence
and thus need quite a few iterations, as shown
in Table (4). Tables (4) and (5) show that the
approximate results agree with the near-exact
ones up to four digits as we set up the
termination criterion of the adaptive algorithm
to 1075,

1000
800
600
400

200

12 1.4 1.6 1.8 20

Figure (1): The function f(x) = e¢” along the interval
[0,2]
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Table: (1). Numerical results computed by the open-type hybrid quadrature rule I,z (f) compared with its constituent rules Ixq.,(f) rules and Iypo (f).

Integral/Transformed Int. Near-Exact

Ixgr2()

INDO(f)

Iour(f)

Relative Error

2 ~ —1.20097
I =f In[In(x)]dx
1

=g [ nfm (5]
1=3 1nn 2 x

T
12=f v1—x*dx
1 i
IZ=—f V16 — (x + 1)*dx
8J)4
I —fwe_xd
3= L x X

1 e_(%)

1 1+x

~ 0.8740191847

~ (0.219384

13:

o rQ) =1

~ 0.62145

1 e_(%) + e_(lzﬁ)]
1522,’-_1 x2+2x+5

-x%/2 dx

dx

1 (> ~0
I = Erfc(1) = Ef e 0.15865525
v 1
2
~Im(Z5)] 2

1 (le
IGZ_J 1
V2mJ_q +x

P j“’sinx
7=
0o X

1
I, = _t X+ 1/]
’ j—l(x+1)1n(xil)

~ 1.5708

I
=
I
N

—1.186269827214

0.8747043456216

0.21841054884110

0.9852958834667177

0.621317534623

0.1587331354611

1.6085019683186124

—1.150942419465

0.8787134586882

0.23028552760062

0.9499682436581703

0.6232082213946

0.15817808821860

2.076910604996239

—1.186203619128

0.8747118592129

0.21843280407190

0.9852296749459611

0.6213210780121

0.1587320952315

1.609379826084149

ExeLr = 1.224350377214 x 1072
Enpo = 4.165913561106 x 1072
Eour = 1.2298632432924 x 102

ExeLs = 7.839197005632 x 104
Enpo = 5.37090490231107 x 1073
Eppr = 7.925162982014 x 10~4

Exgrr = 443690444836492 x 1073
Enpo = 4.9691848380501 x 102
Eonr = 4.335460234298 x 1073

Exers = 1.47041165332823 x 1072
Enpo = 5.00317563418297 x 1072
Eour = 1.477032505403886 x 1072

Exers = 2.125507968272 x 10~4
Enpo = 2.8298305931829 x 1073
Eour = 2.0684898452106 x 10~*

Ixgiz = 4.908852857186 x 10~
Iypo = 3.0075632607556 x 1073
Iour = 4.8432874516111 x 10~*

Exiz = 2.3553490365081 x 102
Enpo = 2.60795542073356 x 10~
Eour = 2.30205838669871 x 10~2
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Table: (2). Numerical results computed by the closed-type hybrid quadrature rule Iz (f) compared with its constituent rules Ixs.»(f) rules and Iypc(f).

Integral

Near-Exact

IGi2(f)

Inpc(f)

Icur(f)

Relative Error

Zx
Ilzfee dx
1

2 2
12=f e ™ dx
1

Zsin x
13 = dx
;X

I 2e_xd
= —ax
4 ) x

I _fl dx
57 )y 1+t

~ 255.6758679186

~ (0.170483

~ 0.86697

255.820070562722

~ 0.1352572579499946 0.13525734814014

253.89134362084

0.13525655014006

~ 0.6593299064355118 0.6593299064397252 0.6593299064006406

255.81645588145

0.1352573466445

0.659329906439652

0.17048364153294074 0.1704813324558944 0.17048363720543466

0.8669767626543958 0.8669225103807843 0.8669766609786879

Exelo = 5.6400568941 x 10~
Eype = 6.9796352399 x 1073
Ecyr = 54986794034 x 10~

Exeiz = 6.6680450970 X 1077
Enpe = 5.2330623751 x 1076
Ecyr = 6.55747403635 X 1077

ExgLz = 6.3904387767 x 10712
Enpc = 5.288887503 x 10711
Ecyr = 6.2793036395 x 10712

Exers = 1.27781034023 x 10~°
Enpe = 1.226648034 x 10~°
Ecyr=1.2524266050 x 10~°

EKGLZ = 4.3545929803 X 10_6
Enpe = 5.8222066735 x 1075
Ecyr = 423731630684 x 107
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Table: (3). Numerical results computed by the closed-type hybrid quadrature rule I-po.0p (f) cOmpared with
its constituent rules Irgoo: (f) rules and Iy op-

Integral IrBooi(f) Inion () IcgoLob Relative Error
2 0.1352600678077 0.1352461059959 0.135246113746  Enp,o; = 2.0774173353466 x 1075
fl e dx Envop = 8.2449949905523 x 1075

Ecporop = 8239264762395 x 1075

Zsin x 0.659329912197 0.6593298963945 0.659329900299  Egpoo = 8.739114546289 X 10~°
fl e Envop = 8.2449949905523 X 1075
Ecporop = 8.2392647623949 x 1075

2gx 0.170475250379 0.1705180434985: 0.1705180554623' Eppoe; = 4.7941954266458 x 10~5
L - Envop = 2.03068488283273 x 10~

Ecporop = 2.0313866405311 x 10~

Table: (4). Numerical results computed by the Closed-type hybrid quadrature rule Iz (f) compared with
its constituent rules and I, (f) rules and Iy (f) using an adaptive algorithm with termination
criterion 1075,

Iterations Iterations Iterations
Integral Iker2(f) Iterations Inpc(f) Iterations Icur(f) Iterations
2 255.675894812 2 255.667210454 12 255.675608551 10
I =f e® dx
1
I —fze"‘z dx 0.135257258 1 0.135249563462 6 0.135254562 1
, =
1
I, =fzsinxdx 0.659329906 1 0.659336124 6 0.659330466 1
0.170480601 1 0.170479739 9 0.170480601391 1

1 X
1 i —e_x d
= x
+= |

Table: (5). Numerical results computed by the open-type hybrid quadrature rule I,z (f) compared with its
constituent rules Ix¢.,(f) rules and Iypo (f) using adaptive algorithm.

Integral Ikei2(f) Iterations Inpo (F) Iterations Icur(H) Iterations
I, —1.2009667766545051 10 —1.200967848901904' 12 —1.20096674432545 10
= len[ln(x)]dx
I, ' 0.8740193510435356 7 0.8740193218057818 9 0.8740193527868432 7
- T xdx
Is ’ . 0.621449500800718 1 0.6214593348845058 12 0.6214519128864372 5

o o
=f0 de
17:f°°si:xdx 1.5888888194648858 13 1.5689338860146185 10 1.5886295131152703 13

0

derivative-based Newton-Cotes formulae. The
proposed hybrid quadrature rules are found to
perform  better than their ingredient

CONCLUSIONS

Open and closed hybrid quadrature rules

Iour(f), Icur(f), and Icgopon(f) have been
proposed in this paper. Their ingredients are

some enhanced quadrature rules, such as the
Kronrod-Legendre pair, Bool’s rule enhanced
by Richardson extrapolation, the numerically
enhanced Gauss-Lobatto quadrature rule, and

quadrature rules through error analysis, as
evidenced in equations (9), (12), and (19).
Strictly speaking, the degree of precision of
the proposed hybrid quadrature rules is (p +
2), where p is the degree of precision of its
ingredient rules. A variety of integral

© 2023 The Author(s). This open access article is distributed under a CC BY-NC 4.0 license.



Al-Mukhtar Journal of Sciences 38 (2): 173-188, 2023

examples have been considered for
verification purposes that correspond to
numerous applications in science and
engineering. Considering that we implement
low-order quadrature rules of either the Gauss
or Newton-Cotes type, the observed accuracy
is satisfied. The performance of such hybrid
rules can be enhanced by the adaptive
quadrature rule as shown in Tables (4) and (5)
with a tolerance of 1075. Overall, all the
results obtained are very satisfactory.

Duality of interest: The authors declare that
they have no duality of interest associated
with this manuscript.

Author contributions: Contribution is equal
between authors.
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Abstract: This study is the first record of the fungus Sordaria fimicola as one of the
causes of death for the Juniperus phoenicea L trees in the Al-Jabal Al-Akhdar region,
Libya, where severe deterioration occurred as a result of partial or complete death, and the
symptoms of the disease were characterized by the gradual death of the branches from the
limbs towards the trunk (Dieback), accompanied by yellowing of the leaves, turning
brown, and ends with their falling off and leaving branches without leaves. Isolation was
carried out on leaves and branches that show symptoms of tree mortality to obtain the
primary cause of the disease and to verify its pathogenicity by infection of seedlings of
Juniperus phoenicea or infection of recent branches. The fungus was identified depending
on the morphological characteristics of the colony growing on the nutrient medium potato
dextrose agar, in addition to measuring the vegetative and reproductive structures taken
by a light microscope. The results showed that the fungus Sordaria fimicola is one of the
causes of juniper mortality, as it was distinguished by a dark, pear-shaped fruiting body
with an average length of 9.77 + 480.93 um and an average width of 66.06 + 441.285 um,
inside which are asci containing chains of ascospores, its average length was 1.98 +
20,268 pm, and the average width was 1.00 = 11.454 um.
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Abstract: This study aimed to identify the cause of apple scab disease, which affects
apple trees in the Al-Jabal Al-Akhdar region — Libya, and was conducted during the
2018-2019 season. Several samples were collected from the apple variety (Red
delicious), and the causal organism was isolated and purified. The results of the study
of the general morphological and cultural characteristics of the pathogen proved that
the cause of the disease is the fungus Venturia inaequalis, which produced typical
symptoms of apple scab on leaves and seedlings of the same variety.
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Abstract: Estimation of evapotranspiration play an essential role in water resource
management. Therefore, understanding the spatial and temporal variation pattern of
reference evapotranspiration (ETo) is crucial for the proper management of water
resources and prioritization of their use. This study was conducted to obtain maps
showing the reference evapotranspiration values for the area confined between latitudes
19.45° and 33.16° north, and longitudes 9.4° and 25.15° east, which includes the entire
area of Libya. Reference Evapotranspiration values were estimated using the Omar Al-
Mukhtar University OMU-ET model.1.0.0 based on climate data for the period from
1990 to 2020, represented by (temperature, relative humidity, wind speed, and short-
wave solar radiation), which were extracted from the NASA website (The Power
Project) for the selected 288 locations. To produce the best digital map of ETo values
and climate data, The spatial interpolation methods (IDW, Kriging, Spline) in
Geographic Information Systems (GIS) software were compared using spatial statistical
interpolation techniques (Mean Error ME and Square Root Mean Error RMSE), and the
Spline method was adopted as the best method for interpolation mapping as it gave the
smallest RMSE value and the lowest ME value if compared to the results of IDW and
Kriging. The ETo results obtained from OMU-ET model.1.0.0 were used to prepare a
computer model in Arabic and English using Microsoft Excel and the Visual Basic for
Applications programming language, which was named ETo Libya. ETo Libya Provides
ETo values monthly and annually for any point located within the area of Libya which
requires only the location coordinates.
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Abstract: This study shows the use of a murexide indicator as a ligand for spectral
estimation of Co (Il). Murexide is a metallochromic indicator that has a 520nm
wavelength absorption peak, and with its bond to cobalt binary ion, this peak shifts to a
wavelength of 475 nm. Murexide complexes are poorly stable in aqueous solutions. The
effect of using different ratios of (2-propanol: water) mixtures on the absorption spectrum
of murexide as well as its complexes with the studied metal ion was investigated. The
effect of some factors on the stability of the formed complex, such as time and pH, were

Keywords:
Cobalt lon;
Murexide;
VIS
Absorption
Spectrum,
Stability
Constant.

studied at different solvent ratios and gradients in polarity of 2-propanol and water, which
were: (2:8), (4:6), and (7:3). The stoichiometry, stability constant, and molar absorptivity
were estimated using the continuous variations method for the murexide complex with Co
(1) at the previous ratios and the results were as follows: 2:1, 1X10*3, 7664 L.mol*.cm?,
1:1, 1X108, 1938 L.molt.cm?, 2:1, 1X10%, 2422 L.mol*.cm? for the ratios (2:8), (4:6),
and (7:3), respectively. The spectral method for estimating the cobalt ion was evaluated at
the ratio (7:3), by estimating the sensitivity, detection limits, quantification limits, and the
linear range of the Pierre-Lambert law, where the obtained results were: 0.0948 ppm?,
0.0831 ppm, 0.277 ppm, 0.2-4 ppm, respectively. The effect of various concentrations of
some interfering ions on the accuracy of the proposed spectroscopic method was also
studied, and it was found that it decreases at high concentrations of these ions.
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Abstract: This research was carried out during the 2021/2022 season to evaluate the
effect of vermicompost fertilization on the growth and productivity of faba beans at
rates of 2, 5, and 8 tons/ha compared to the addition of mineral fertilizer only (40 kg of
nitrogen in the form of urea 46% N, 60 kg of phosphate in the form of triple
superphosphate 46% H3PQO., and 60 kg of potassium in the form of potassium sulfate
50% K;O/ha). In addition, a treatment without fertilization was considered as a control.
The results showed that the treatment of fertilization with vermicompost 8 tons/ha
achieved the best growth indicators (plant height, number of branches, leaf area, wet
and dry weight), and it also achieved the best productivity indicators (number of pods
per plant 22.13 pods/plant, number of seeds per pod 4.7 seeds/pod, number of seeds per
plant 103.23 seeds/plant, the weight of 100 seeds 124.15 g, the weight of seeds per
plant is 128.02 g/plant, seed yield 3311.2 kg/ha and the percentage of protein in seeds
was 9.93%). The seed yield increased by 8.52% and protein by 1.61% compared to the
NPK fertilization and increased by 46.61% and 10.17%, respectively, compared to the
non-fertilized control. As a result, we concluded the possibility of using vermicompost
fertilization on faba beans at a rate of 8 tons/ha to increase plant productivity and at a
rate of 5 tons/ha as an alternative to mineral fertilizer and to rationalize its use.
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Abstract: A study was conducted to determine the effect of different growth
regulators on somatic embryogenesis induction and micropropagation of date
palm cv. Bronsi. using immature female inflorescence. Unopened spathes were
collected, flower strands removed, and surface sterilized by using commercial
sodium hypochlorite solution Clorox ( 1.05%), then flowers were cultured onto
full strength MS medium supplemented with various concentrations of 2,4-D,
IBA, Kinetin (Kin), and isopentenyl adenine (2ip) and incubated in the dark at
27°C for four months. Some plant explants showed a response in embryogenic

Keywords:
Somatic
embryogenesis,
Shoots, CV.
Bronsi, Growth
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Date palm.

callus formation, which were then subcultured on MS growth regulators-free
media with the addition of 0.5 mg.L-1 GA3. The highest number of growing
shoots and shoot length were obtained from somatic embryos developed on 2ip
(0.2) +Kin (0.2) +IBA (0.5) + GA3 (0.5) containing medium. To encourage root
growth and elongation, embryos were transferred to an MS medium provided
with NAA at concentrations of 0.1, 0.5, and 1.0 with the addition of BA at 0.2
mg.L-1. Using NAA (0.1) with BA (0, 2) achieved the highest number of roots
per plant (8.0) and root length (10.4 cm).
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